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S U M MA BY 

A t o t a l  o f  153 p a n e l  spec imens  o f  24ST zluminum a l l o y  
w i t h  n o m i n a l  t h i c k n e s s e s  o f  0.920, 9 . 0 2 5 ,  a n d  0.040 i n c h  
m i t h  e x t r u d e d  b u l b - a n q l e  s e c t i o n s  of  1 2  s b a p e s  s g a c e d  4 
a n d  5 i n c h e s  a s  s t i f f e n e r s  mere t e s t e d  t o  o j t a i n  t h e  Suck-  
l i n g  s t r e s s  ar,d t h e  r ,mplitv.de o f  t h e  maximum n a v e  when 
b u c k l e d .  Bu lb  a n g l e s  f r o m  .? t o  274  i n c h e s  l o n g  were  t e s t -  
e d  a s  l l in -end  co lumns .  The e x o e r i m e n t a l  d a t a  a r e  p r e s e n t e d  
a s  s t r e s s - s t r a i n  a n d  column c u r v e s  a n d  i n  t a b u l a r  f o r m .  
Some c o m p a r i s o n s  n i t h  t h e o r e t i c a l  r e s u l t s  a r e  p r e s e n t e d .  

A n a l y t i c a l  me thods  a r e  d e v e l o p e d  t h z t  make i t  p o s s i b l e  
f o r  t h e  d e s i q n e r  t o  p r e d i c t  w i t h  r e a s o n a b l e  a c c u r a c y  t h e  
b u c k l i n ?  s t r e s s  a n d  t h e  maximum-mave a n p l i t u C e  o f  t h e  s h e e t  
i n  s t i f f e n e d - p a n e l  c o m b i n a t i o n s .  The s c o p e  o f  t h e  t e s t s  
was i n s u f f i c i e n t  t o  f o r m u l a t e  g e n e r a l  d e s i g n  c r i t e r i a  b u t  
t h e  r e s u l t s  a r e  p r e s e n t e d  a s  a guid.e  for d e s i s n  a n d  an  i n -  
d i c a t i o n  o f  t h e  t y p e  o f  t h e o r e t i c a l  a n d  e x p e r i m e n t a l  mork 
n e c h e d .  

I N T R O D U C T I O N  

T h i s  r e p o r t  ? r e s e n t s  t 3 e  r e s u l t s  o f  an  i n v e s t i g a t i o n  
on  t h e  b e h a v i o r  o f  s h e e t - s t i f f e n e r  F a n e l s  s u b j e c t e d  t o  end  
c omp r e s s i  on . 

I n  ?a r t  I n e t h o d s  a r e  d e v e l o p e d  f o r  c a l c u l a t i n g :  

(1) The b u c k l i n <  s t r e s s  o f  a p l a t e  i n  which t h e  edKes 
1 P a r a l l e l  t o  t h e  a p p l i e d  end  l o a d  a r e  e l a s t i c a l l y  s u p p o r t e d  

a n d . t h e  o t h e r  t w o  s i d e s  a r e  s i m p l y  s u p p o r t e d .  The e l a s t i c  

d u c e d  by t h e  s t i f f e n e r  on t h e  b u c k l i n g  o f  t h e  s h e e t .  
9 edse s u p p o r t  c o r r e s p o n d s  t o  t h e  r e s t r a i n i n g  moments i n -  

I. 
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A s h o r t  d i s c u s s i o n  i s  a l s o  , . ;iven i n  a p p e n d i x  A o f  +;he 
~ ~ * e l l m i i : a . r g  w o r k  done  o n  t h e  t h e o r e t i c a l  c a l c u l a t i o n  of 
t h e  s t i f f e n e r  s t r e s s e s .  FurtYier  n e c e s s a r ; ~  r e f i n e m e n t s  i n  
t h e  t h e o r y  are p o i r i t e d  o u t .  

Pa1.t I1 c o n s i s t s  o f  t h e  e x : > e r i o e n t n l  r e s u l t s  o b t a i n e d  
by t e s t i n g  a 1 z r g e  number o f  n a n a l s  i n  wh ich  t h e  stifr 'c1-i- 
e r s  w e r e  b u l b  angles of t h e  t y p e  commonly u s e d  i n  a i r c r z f t  
c o n s t r . d c t i o n .  The  e f f e c t i v e  m i d t h  a s  a f - a n c t i o n  o f  t 2 e  
s t i : . ' f e i l ? r  s t r e s s  m 2 s  d e t e r m i n e d  f o r  panels w i t h  s t i f f e n -  
e r s  o f  v a r i o u s  c r o s s  s e c t i o n s  a n d  torsional r i : ; i d i t i c s ,  
I:?<? e f f e c t  o f  u a o e l  1 e n ; ~ t h  o n  t h o  f a i l i n c ;  s t r e s s  o f  t h e  
s t i f f e - e r s ,  t h e  t:rpe of failure, a n d  t h e  - p c n e l  d e f o r m a t i o n s  
w c r s  also d e t e r m i n o d .  

II 

A n!ethod o f  8 e t e r : f i i n i n q  t h e  bucklinL; s t r e s s  of t h e  
s h e e t  'setween s t i f f e n e r s ,  by ~ e a s u r i n ;  t h e  naximum-mave 
a m ? l i t u d c ,  i s  g i v e n  i n  n?pe i id ix  13.  

a e  n l s o  !Tishes t o  zcknomledr<c  h i s  r i n c e r e  a ? p r e c i n t S o n  
f o r  t h o  e d v i c c  t ; iven  by D r .  Th. von E&ri-L.$.n :tnd D r .  E .  3 .  
S e c h l e r  d .ur ing t h e  c a r r y i n g  o u t  o f  t h e  r e s e a r c h  program 
a n d  t o  t h a n k  Yr. Hsue-Shin  T s i e n  for nur:erous h e l p f u l  sug-  
g e s t i o n s ,  blr. B a l t e r  3 .  P o w e l l  f o r  h i s  n s s i s t a , n c e  i n  r e -  
duc in - ;  t e s t  d a t a ,  a n d  t h e  o t h e r  mecibers of t h e  t e a c h i n g  
s t a f f  for nnny e x c e l l e n t  suq . ! !es t ions .  

rn. ~ f l e  s t i f f e n e r  s e c t i o n s  u s e d  i n  t h e  t e s t s  were  P r o v i d e d  
t h r o u q h  t h e  c o u r t e s y  o f  t h e  Dou<ias A i r c r a f t  SomFany. The 
N o r t h  A - e r i c a n  A v i a t i o n  Consany ~ s s i s t e d  by c o n s t r u c t i n g  
t h e  t c s t  ;2anels. 
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The s t a b i l i t y  of  t o r s i o n a l l y  weak c o l u ~ n s  s u b j e c t e d  
t o  a c o m g r e s s i o n  l o a d  h a s  been  i n v e s t i s a t e d  by many s c i -  
e n t i s t s  a 9 d  t h e  r e s u l t s  a r e  p u b l i s h e d  i n  r e f e r e n c e s  1 t o  5. 
I t  i s  p o i n t e d  out i n  r e f e r e n c e  4 t h z t  t h e  b u c k l i n z  o f  cen-  
t r z l l y  l o a d e d  o p e n - s e c t i o n  columns w i l l ,  i n  g e n e r a l  , be  
accomTan ied  by t m i s t i n g  o f  t h e  c r o s s  s e c t i o n .  The c r i t i -  
c a l  s t r e s s e s  a n d  t h e  a x e s  o f  r o t a t i o n ,  w h i c h  a r e  f u n c t i o n s  
o f  t h e  g e o m e t r y  o f  t h e  column c r o s s  s e c t i o n ,  a r e  d i s c u s s e r ? .  
i n  d e t a i l .  I t  is f u r t h e r  shown t h a . t ,  a s  t h e  s l e n d . e r n e s s  
r a t i o  L / P  o f  t l i e  column i n c r e a s e s ,  t h e  e f f e c t  of t n i s t i n s  
t e i i d s  t o  'oe n e u t r a l i z e d  u n t i l  f i n a l l y . t h e  b u c k l i n g  i s  f r e e  
f r o m  t w i s t i n g  a z d  f a i l u r e  o c c u r s  by b u c k l i n g  as  a n  E u l e r  
co lumn.  

The t y p e  o f  f a i l u r e  t h a t  ~ c c ~ r s  when an o p e n - s e c t i o n  
c o l u n n  a c t i n g  a s  a s t i f f e n e r  i s  z t t a c h e d  t o  a t h i n  s h e e t  
i s  e s s e n t i a l l y  o f  t h e  sa,me t y n e .  I t  d i f f e r s  o n l y  i n  t h e  r e -  
s p e c t  t h a t  f a i l u r e  i s  n o t  n e c e s s a r i l y  a s t a b i l i t y  -phenom- 
e n o n ,  even  f o r  l e n g t h s  i n  mhic41 t h e  column a l o n e  mould  fail 
owing t o  i n s t a b i l i t y .  A c a r e f u l  i n v e s t i g a t i o n  o f  t 5 e  
t l ? i s t i n z ;  >henonenon i n  s t i f f e n e d  p a n e l s  i n d i c a t e s  t h a t  a 
g r a d u a l  t w i s t i n g  o f  t h e  s t i f f e n e r  o c c u r s  r r i t h  i n c r e a s i n g  
l o a d  u n t i l  n e a r  t h e  f a i l i n g  l o a d ,  mhen t h e  b u c k l i n g  r a p i d l y  
i n c r e a s e s  a n d  c a u s e s  f a i l u r e  of t h e  F a n e l .  The d e g r e e  o f  
t w i s t i n g  of t b e  s t i f f e n e r  d u r i n g  l o a d i n s  o f  t h e  p a n e l  de-  
p e n d s  on t h e  t o r s i o n a l  r i q i d i t y  o f  t h e  s t i f f e n e r  a n d  o n  
t h e  t h i c k n e s s  o f  t h e  s h e e t  t o  wh ich  t h e  s t i f f e n e r  i s  a t -  
t a c h e d .  

The e f f e c t  of  t h e  s h e e t  on t h e  s t i f f e n e r  nay be sum- 
m a r i z e d  a s  f o l l o w s :  

. (1) When t h e  s h e e t  'ouckles ,  t h e  s t i f f e n e r  e x e r t s  a 
r e s t r a i n i n g  moment on t h e  s h e e t  o r ,  c o n v e r s e l y ,  t h o  s h e e t  
i m p a r t s  t o  t h e  s t i f f e n e r  a t w i s t i n g  moment t h a t .  i s  p r o F o r -  
t i o n a l  t o  t h e  c u r . r a t u r e  o f  t h e  s h e e t .  I n  t h e  a n a l y s i s  of  
i s o l a t e d  c o l u m n s ,  t h i s  i n t e r a c t i o n  o f  s t i f f e n e r  a n d  s h e e t  
c h a n g e s  t h e  homogeneous y rob lem o f  t o r s i o n a l  s t a b i l i t y  t o  
a nonhomogeneous s r o b l e m  o f  g r a d u a l  t w i s t i n g  f o r  t h e  c a s e  
o f  o p e n - s e c t i o n  s t i f f e n e r s  a t t a c h e d  t o  s h e e t .  F o r  t o r s i o n -  
a l l y  weak s t i f f e n e r s ,  i t  i s  i m p o r t a n t  t h a t  t h e  i n t e r a c t i o n  
o f  s h e e t  a n d  s t i f f e n e r  be t a k e n  ' i n t o  c o n s i d e r a t i o n .  

( 2 )  A column t h a t  f a i l s  by t w i s t i n s  m i l l  g e n e r a l l y  
twist  a j o u t  a n  a x i s  t h r o u g h  i t s  s h e a r  c e n t e r .  Owing t o  



t h e  r i < i d i t y  (;;f t h e  sheet i n  i t s  own p l a n e ,  h o i r e v e r ,  t h e  
a x i s  Z”- ; ?o? i t  v:].lich t h e  column t w i s t s  when c t t a c h e d  t o  t h e  
s h p e t  !..ill- n o t  n e c p s s a r i l y  be ti1.e shear c e n t e r  o f  t11.e C O ~ -  

umn. If’ t h e  column ~ v e r e  t o  tv;ist zbo-t;.t s o n ?  n x i s  o u t s i d e  
e o f  t h e  s h e e t  , +: ; eomot r i ca l  c o n s i d e r n t i o n  s h ~ w : ~  

t h a t  n o t  anly must t h e  s h c e t  n o v e  o u t  o f  i t s  ami:. 17lane 
b u t  t h e  .oo in t  o f  a t t a c h m e n t  must, h a v e  a component o f  d i s -  
.pIacerie:it p a r a l . l e l  t o  t h e  s h e e t ,  m’nich i s  g h g s i c n l l r ?  i r n -  
1)o: :s ible .  I t  neems l o g i c a l  t ,o assume t h a t  t h e  s h e ( . t  nil1 
t e i i d  t o  s h i f t  t h e  axi .s  of t n i s t  t o m a r d  t h e  n o i i i t  of  at- 
tacilriient o f  column a,nd s h e e t .  A l t h o x g h  t h e  Faint o f  a t t , n c h -  
ment i s  g e o n e t r i c s l l y  t h e  most i iatural  p o s i t i o n  for t h e  
a x i s  o f  t w i s t ,  ? t  ca.nnot be conclude?L t h a t  t h e  a x i s  o f  tw i s t  
m i l l  S e  at t h i s  n o i n t .  Wo siml3le c r i t e r i o n  can be  ;;iven 
f o r  t h e  j ? o s i t i o n  o f  t h e  a x i s  o f  twis t .  Eac?; d i f f e r e n t  t y p e  
of  c o l u n n ,  vhen  a t t a c h e d  t o  t h e  s h e e t ,  must be  c o n s i d e r e f i  
a s  ni? i n d i v i d u a l  p r o b l e m .  An e x t e n s i v e  d i s c u s s i o n  r e g a r d -  
i n g  t h e  a x i s  of  twist  i s  q i v e n  i n  r e f e r e n c e  1. 

( 3 )  1x1 c n r t z i n  C a s e s ,  t h e  a x i s  o f  l e n s t  r a d i u s  of 
g y r a t i o n  o f  t’ne s t i f f e n e r  v q i l l  e i t h e r  be  ~ q e r p e n d i c u l n r  t o  
o r  b e  i n c l i n e d  t o  t h e  p l a c e  o f  t b e  s h e e t .  I n  s u c h  c a s e s ,  
t h e  s h a e t ,  omin? t o  t h e  r i q i d i t y  i n  i t s  onn ln l ane ,  w i l l  
p r e v e n t  column f a i l u r e  for 1 e n ; t h s  i n  ~ . i i c h  t h e  s t i f f e n e r  
rzlone ~ o u l d  f a i l  a s  a n  E u l e r  column.  

1’ 

w .’ 

The Kutual E f f e c t s  o f  S h e e t  sild S t i f f e n o r  

Fro:: t h e  - p r e v i o u s  d i s c u s s i o n  i t  is e v i d e n t  t h a t ,  f o r  
2 t h e o r e t i c a l  t r e a t m e n t  of t h e  c r i t i c a l  s t r e s s e s  i n  a 
s t i f f e n e d  p a n e l ,  t h e  f o l l o m i n g  f a c t o r s  s h o u l d  be i n v e s t i -  
g a t e d :  

(1) The i n f l u e n c e  o f  t h e  s t i f f e r i a r  o n  t 3 e   clast:.^ 
s t a b i l i t y  o f  t h e  s h e e t ;  t h e  t y p e  o f  wave f o r m  o f ’  t h e  -mck-  
l e d  s? ;ee t ;  a n d ,  a s  a conseq .ucnce ,  t h e  stress d i s t r i b u t i o n  
i n  t h e  s h e e t .  

(2) The i n f l u e n c e  o f  t h e  S.uc’/;led s h e c t  o n  t h e  s t i f f e n -  
e r ,  e s ~ c c i a l l y  near t h e  s t a b i l i t y  l i m i t .  o f  t 5 e  s t i f f e n e r .  

Froi!! a c o n s i d e r a t i o n  o f  R c i -os s  s e c t i o n  o f  t h e  panel 
w i t h  t h e  s h e e t  b u c k l e d ,  as  s:iomn i n  f i g u r e  l ( b ) ,  i t  can  
b e  sc!en t‘.at, i f  t h e  s h e o t  i s  t o  assume t h e  wave f o r m  C Z S  
i n d i c a t e d ,  t’nc s t i f f e n e r  must t!;ist. I< t h e  s t i f f e n e r  
makes a l i r e  r a t h e r  t h a n  c2n a r e n  c o n t a c t  TTith t h e  s h e e t ,  
hol-:cvtir, t h e  s h c e t  may assume t h e  nave f o r i n  a s  i n d . i c a t c d  
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w i t h o u t  a p p r e c i a b l e  t n i s t i n r  o f  t h e  s t i f f e n e r .  I t  may 
t h e r e f o r e  be c o n c l u d e d  t h s t ,  f o r  t h e  c a s e  i n  wh ich  t h e  
s h e e t  i s  r i v e t e d  a t  r e a s o n a b l y  c l o s e  i n t e r v a l s  t o  a s t i f -  
f e n e r  o f  t h e  t y p e  shorvn i n  f i q u r e  1, t h e  t o r s i o n a l  r i q i d -  
i t y  o f  t h e  s t i f f e n e r  w i l l  d e t e r m i n e  t h e  a m o u n t  of  e d g e  
s u p p o r t  o f  t h e  s h e e t .  

S t a b i l i t y  o f  t h e  S h e e t  between S t i f f e n e r s  

The s t a b i l i t y  o f  a r e c t a n g u l a r  p l a t e  w i t h  e l a s t i c  sup- 
p o r t s  of  f i n i t e  t o r s i o n a l  r i s i d i t y  a lone ;  t w o  e d g e s  a n d  
w i t h  a n  a x i a l l y  a p p l i e d  l o a d   ill be i n v e s t i g a t e d  u n d e r  
t h e  f o l l o w i n g  e x p l i c i t  s i m F l i f y i n g  a s s u m p t i o n s :  

(1) The s h e e t  r e a c h e s  i t s  s t a b i l i t y  l i m i t  S e f o r e  a n y  
b e n d i n 5  o f  t h e  s t i f f e n e r  t a k e s  > l a c e .  T h i z  a s s u m p t i o n  
i s  r e a s o n a b l e  f o r  t h e  t y p e  o f  s t i f f e n e d  p a n e l s  u s e d  i n  
a i r c r a f t  c o n s t r u c t i o n .  

( 2 )  I n  o r d e r  t o  e l i m i n a t e  s e c o n d a r y  phenomena o f  i n -  
s t a b i l i t y  i n  t h e  s t i f f e n e r  r e g i o n ,  i t  w i l l  be a s sumed  t h a t  
t h e  c e n t e r  o f  t w i s t  of t h e  s t i f f e n e r  i s  a t  t h e  e d g e  o f  t h e  
s h e e t  and., f u r t h e r m o r e ,  t h a t  t h e  s t i f f e n e r  i s  c o r - n n n t r a t e d  
a t  t h e  edge  o f  t h e  s h e e t  

( 3 )  The m a t e r i a l  i s  3omogeneous ,  i s o t r o p i c ,  a n d  o b e y s  
E o o k e ' s  l a w  of d e f o r m a t i o n .  

The q c n e r a l  c a s e ,  i n  which b e n d i n g  o f  t h e  s t i f f e n e r  
i s  c o n s i d e r e d ,  h a s  been i n v e s t i g a t e d  by E.  Chwal l a  ( r e f e r -  
e n c e  6 ) .  The b o u n d a r y  c o n d i t i o n s  a r e ,  o f  n e c e s s i t y ,  r a t h e r  
c o m p l i c a t e d  a n d  t h e  f i n a l  s o l u t i o n  i s  c o n s e q u e n t l y  t o o  i n -  
v o l v e d  f o r  g e n e r a l  p r a c t i c a l  a p F l i c a t i o n .  

The boundary  c o n d i t i o n s  f o r  t 3 e  s i m p l i f i e d  c a s e  u n d e r  
c o n s i d e r a t i o n ,  w i t h  d i m e n s i o n s  a n d  l o a d i n t :  a s  i n d i c a t e d  i n  
f i g u r e  2 ,  a r e  a s  f o l l o w s :  

A t  x = O , x = a  

The b o u n d a r y  c o n d i t i o n s  a r e  s a t i s f i e d  i f  t h e  d e f l e c t i o n  
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. ,  

where f ( y )  i s  a f u n c t i o n  o f  y o n l y ,  ar?d A c o r r e s p o n d s  
t o  a h a l f - n a v e  l e n g t h ,  i . e . ,  a / m ,  

A t  y = b /2  

w = o  (4) 

A s e c o n d  b o u n d a r y  c o n d i t l o n  a t  t h e  s t i f f e n e r  can  b e  o b -  
t a i n e d  R S  f o l l o w s  ( r e f e r e n c e  7 ,  p .  3 0 3 ) :  T h e  b e n d i n g  mo- 
m e n t s  t h a t  a p p e a r  n l o n q  t h e  s t i f f e n e r  6urin;i ;  b u c k l i n g  a r e  
p r o p o r t i o n a l  at  e a c h  ~ o i n t  t o  t h e  z n g l c  of  r o t a t i o n  o f  t h e  
e d y e .  The a n g l e  o f  r o t a t i o n  of  t h e  s t i f f e n e r  d u r i n q  buck-  
1 i n <  o f  t h e  sicin i s  e q u a l  t o  aw/ag a n d  t h e  r a t e  o f  c h a n g e  
of  t h i s  a n q l e  i s  a 2 w / a y 2 .  The t v i s t i n g  moment a t  z n g  
c r o s s  s e c t i o n  of t h e  s t i f f e n e r  i n  a d i r e c t i o n  of  t h e  x - a x i s  
i s  t h e n :  

" 

where  C i s  t h e  t o r s i o x a l  r i q i d i t p  o f  t h e  s t i f f e n e r .  

The r a t e  of  c h a n g e  of t h e  t i v i s t i n i ;  momeilt i s  n u m e r i -  
c a l l y  equal t o  t h e  bencliiig mor::ent p e r  u n i t  l e n g t h  o f  t h e  
s h r c . t  alons;  t h e  s t i f f e e e r s ,  o r :  

The b o u n d a r y  c o n d i t i o n s  a t  y = b / 2  a r e  n o t  i n d e ? e n d e n t  
o f  t l i o s e  a t  y = - b / 2 .  I n  e q u a t i o n s  ( s a )  arid ( 5 b ) ,  

a7.d u i s  P o i s s o n ' s  r a t i o .  
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3 

U s i n g  t h e  r e l a t i o n  f o r  w as g i v e n  by e q u a t i o n  (3), o n e  
o b t a i n s :  

a 
TT l l X  f ( y )  s i n  -- a2w 

a x 2  h" A 
--- = - - 

S u b s t i t u t i o n  i n  e q u a t i o n  (sa) g i v e s :  

s i n c e  w = 0 a t  y = b / 2 .  The f o r e g o i n g  e q u a t i o n  c a n  b e  
w r i % t e n  i n  t h e  f o r m :  

wh ich  i s  t h e  s e c o n d  b o u n d a r y  c o n d i t i o n  a t  y = b / 2 .  

I t  h a s  h e e n  shown ( r e f e r e n c e  7 ,  p .  338)  t h a t ,  i f  a 
r e c t a n g u l a r  s h e e t  i s  e l a s t i c a l l y  s u p p o r t e d  a l o n g  t h e  two 
e d g e s  y = f11/2, a g e n e r a l  s o l u t i . o n  o f  t h e  d i f f e r e n t i a l  
e q u a t i o n  f o r  t h e  d e f l e c t e d .  s h e e t  c a n  be  r e p r e s e n t e d  i n  
t h e  f o r m :  

n h e  r e 

a n d  0 i s  t h e  u n i t  a x i a l  c o m F r e s s i v e  s t r e s s  i n  t h e  s h e e t  
of t h i c k n e s s  t .  



From t h e  b o u n d a r y  c o n d i t i o n s  ( 4 )  a c d  ( G ) ,  t h e  f o l l o a i n g  
t w o  eq -cwt ions  z r e  o b t a i n e d :  

h l i m i t  = c y c  of t h e  c i z s t f c  s t a b i l i t y  i s  reached nhei? 
c o m p u t . n t i o n s  (9) (1c) y i e l d  f o r  A ai:d 3 a s o l u t i o n  
different f r o m  z e r o  o r   hen, i n  o t h e r  w o r d - s ,  t h e  d e t e r x i -  
n a n t  o f  t h e  c o e f f i c i e n t s  o f  t h e  s y s t e m  v a n i s i e s ,  i . e . ,  

TI2 b b 3 b c o s  6 -b c o s h  c: - c o s h  - - D 6 % 2 2 2 
- C  - p P s i n  

g i v e s :  7; 

2 2 
D i v i s i o n  cos'il 2 c o s  B - 

Combinin; t e m s  and s i m g l i f y i n i ; ,  

(12) 
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E q u a t i o R  ( 1 2 )  

ab = I T -  A D  

'OD - 
C 

P u t t i n s  -- - 

t a n  

can  t h e n  .be  w r i t t e n  i n  t h e  f o r m :  

= o  + -I- 2A D\I, 
CTT 

P,  e q u a t i o n  ( 1 3 )  becomes:  

9 

T3e ? E r a m e t e r s  i n v o l v e d  may also b e  d e f i n e d  i n  phys i -  
c a l  t e r m s  a s  f o l l o w s :  

--- '22' r a t i o  o f  c r i t i c a l  s t r e s s  at b u c k l i n g  t o  buck-  
l i n g  s t r e s s  i n  a l o n g  ? l a t e  w i t h  s i m p l y  sup-  
p o r t e d '  e d g e s .  

4Tr 

n / e ,  a s p e c t  r a t i o  o f  b u c k l e d  l o b e  ( l e n g t h  i n  d i r e c -  
t i o n  o f  l o a d i n g  d i v i d e d  by s t i f f e n e r  s p a c i n g ) .  

b,  r a t i o  o f  f l e x u r a l  r i g i d i t y  of  s h e e t  p a n e l  be- 
tween  s t i f f e n e r s  t o  t o r s i o n a l  r i g i d i t y  o f  
s t  i f f  e n e r .  

The p a r a m e t e r  p g i v e s  t h e  i n f l u e n c e  o f  t h e  r a t i o  o f  t h e  
b e n d i n s  stiffness of t h e  s h e e t  t o  t h e  t o r s i o n a l  r i g i d i t y  
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o f  t h e  s t i f f e n e r  on t h e  c r i t i c a l  -ouckli.ng s t r e s s  o f  t h e  
s h e e t .  

I t  can  be shown t h a t  e q u z t i o n  (14) i s  i d e n t i c a l  w i t h  
a s p e c i - - l  c a ~ e  o f  t h e  g e n e r a l  s o l u t i o n  g i v e n  i n  r e f e r e n c e  
6 ,  f o r  n h i c h  i t  i s  assumed t h a t  E I s t  = A s +  = ~0 a n d  C 
i s  f i n i t e ,  w3ere  E I s t  i s  ti:e jendin?,  s t i f f n e s s  of  t h o  
s t i f f e n e r  a n d  A s t  i s  t h e  a r e a  o f  t h e  s t i f f e n e r .  

S i n c e  $, o r  i n  t u r n  CT,, i s  g i v e n  by  t h e  t r a n s c c n -  

d e n t a l  e q u a t i o n  (11) a s  a f u n c t i o n  o f  8 a n d  $, i t  
mould be  d e s i r a b l e  t o  p r e s e n t  t h e  s o l u t i o n  i n  g r a p h i c a l  
form, which  wou ld  g r e a t l y  f a c i l i t a t e  t h e  a p F l i c a t i o n  t o  
p ra, c t i c a l  ;p r o b  1 e n  s . 

The g r a p h i c a l  s o l u t i o n  c a n  be o b t a i n e d  i n  t h e  f o l l o ~ v -  
i n 4  n a n n e r  : 

(1) Assume a co i1s t an t  v a l u e  \i/ and o b t a i n  t h e  c o r r e -  
s p o n d i n g  v a l u e  o f  p f o r  v a r i o u s  v a l u e s  o f  0 .  

( '1 P l o t  a f a m i l y  o f  c u r v e s  w i t h  p a s  a f u n c t i o n  o f  
6 ,  $ j e i n g  c o n s t a n t  f o r  e a c h  c u r v e .  

S i n c e  0 i s  a f u n c t i o n  o f  t h e  d i m e n s i o n s  o f  t h e  s k e e t ,  
a c r o s s  p l o t  of  J/ a g a i n s t  a / b  c a n  be o b t a i n e d  f o r  con- 
s t a n t  v s l - d e s  o f  p. From t ' i q s e  C ~ O C S  ? l o t s ,  t h e  v z l u e  o f  
(JC,  t h e  b u c k l i n g  s t r e s s  o f  t h e  s h e e t ,  c a n  be  o b t a i n e d  i f  
t h e  v a l u e  o f  C i s  known, .cecause all o t h e r  q u 2 z n t i t i e s  
w i l l  c o n c i s t  o f  t h e  known d i y e n s i o n s  i-in.2- p r o p e r t i e s  o f  t h e  
s h e e t .  

The t o r s i o n a l  s t i f f n e s s  C o f  t h e  s t i : ' f e n e r  can  be 
e x p e r i m e n t a l l g  d e t e r m i n e d  o r  c a n  be  c a l c u l a t e d  by t h o  meth- 
o d  s i v e n  on n a q e  257  o f  r e f c r e n c e  8 .  

The g r a g h i c a l  s o l u t i o n  i n  wh ich  $ i s  ? l o t t e d  -2s a 
f u n c t i o n  o f  a / b  f o r  c o n s t a n t  v a l u e s  o f  p i s  shown i n  
f i tTure  3. 

The t h e o r y  has been  d e v e l o p e d  f o r  R ? l a t e  e l a s t i c a l l y  
s u p p o r t e d  a l o n s  t w o  e d q e s .  If  a c o n t i n u o u s  s h e e t  a n d  s t i f -  
f e n e r  p a n e l  i s  c o n s i d e r e d ,  the s h e e t  on e a c h  s i d e  o f  t h e  
s t i f f e n e r  w i l l  t r a n s m i t  b e n d i n g  nomen t s  t o  t h e  s t i f f e n e r .  
I t  c a n  b e  shown th ,? r t ,  f o r  s y m m e t r i c a l  Z u c k l i n s ; ,  t h e s e  mo- 
mtlnts m i l l  h z v e  t h e  same s e n s e .  From t h e s e  c o n s i d c r a t i o n s  
i t  i s  e v i d e n t  t h a t ,  f o r  a c o n t i n u o u s  s h e e t ,  t h e  e f f e c t i v e  

P 

d- 

r, 
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c 

m 

t o r s i o n a l  r i g i d i t y  w i l l  be o n e - h a l f  of t h a t  u s e d  i n  t h e  
g r a p h i c a l  s o l u t i o n  as g i v e n  i n  f i g u r e  3 .  T h i s  f a c t  must  
be  k e p t  i n  mind i n  t h e  c a l c u l a t i o n  of p. 

The v a l i d i t y  o f  t h e  s o l u t i o n  w a r ,  e x g e r i n e n t a l l y  
c h e c k e d  w i t h  a t e s t  p a n e l  d e s i s n e d  t o  h a v e  a v a l u e  o f  I.L = 
4.80, The b u c k l i n e ;  l o a d  was o b t a i n e d  by m e a s u r i n g  t h e  
maximum a m n l i t u d e s  f o r  v a r i o u s  i n c r e m e n t s  of l o a d .  The 
am-o l i tude  was p l o t t e d  a s  a f u n c t i o n  o f  t h e  a p p l i e d  l o a d  
a n d  t 'ne  buclrlin,P s t r e s s  of  t h e  s h e e t  w a s  o b t a i n e d  by t h e  
method i l l u s t r a t e d  i n  ,znper ,dix B.  The t h e o r e t i c a l l y  c a l c u -  
l a t e d  b u c k l i n g  l o a d  was 11 p e r c e n t  l o w e r  t h a n  t h e  e x p e r i -  
m e n t a l  v a l u e .  A s imi l a r  c h e c k  was n a d e  on p a n e l s  w i t h  
0 .049- inch  s h e e t  a n d  b u l b  a n s l e  1 0 2 6 5  as  s t i f f e n e r s .  The 
t h e o r e t i c a l  v a l u e  i n  t h i s  c a s e  was 7 p e r c e n t  l o w e r  t h a n  
t h e  e x g e r i r c e n t a l  v a l u e .  A d e t a i l e d  d i s c u s s i o n  o f  t h e  gan-  
e l  p r a n e r t i e s  i s  g i v e n  i n  a y y e n d i x  9. 

I n f l u e n c e  o f  t h e  S h e e t  o n  t h e  S t i f f e n p r  

The p r o b l e m  t r e a t e d  i n  t h e  s r e v i a u s  s e c t i o n  o f  t h i s  
r e - o o r t  i s  of  t h e  c l a s s i c a l  t.ype o f  s t a b i l i t y  p r o b l e m s .  
The i n f l u e n c e  o f  t h e  s h e e t  o n  t h e  s t a b i l i t y  of  t h e  s t i f -  
f e n e r  i s  a nuch  r o r e  complex problem.  S i n c e ,  i n  g e n e r a l ,  
t h e  s h e e t  S u c k l e s  nuch  s o o n e r  t h a n  t 'ne s t i f f e n e r ,  i t  i s  
n e c e s s a r y  t o  c o n s i d e r  t h e  s t r e s s  d i s t r i b u t i o n  of  t h e  s h e e t  
i n  t h e  b u c k l e d  s t a t e .  T h i s  d i s t r i b u t i o n  c a x n o t  be d e t e r -  
mined  w i t h o u t  t a k i n g  i n t o  a c c o u n t  f i n i t e  d e f o r m a t i o n s .  

\ 

It. i s  e v i d e n t  f r o m  e q u a t i o n  (5) t h a t  i n c r e m e n t s  of 
t o r s i o n a l  nomen t s  p r o p o r t i o n a l  t o  t h o  c u r v a t u r e  o f  t h e  
s h e e t  a r e  i n d u c e d  on t h e  s t i f f e n e r  by t h e  s h e e t .  The mas- 
n i t u r i c  of t h e s e  t o r s i o n a l  noments  will depend  upon t h e  d i -  
m e n s i o n s  a n d  t h e  T h y s i c a l  p r o p e r t i e s  o f  t h e  s h e e t ,  w h i c h ,  
i n  ? e n e r a l ,  will be  known q u a n t i t i e s ,  a n d  on t h e  wave f o r m  
a n d  t h e  a m p l i t u d e  o f  t h e  \ raves .  I n  o r d e r  t o  d e t e r m i n e  t h e  
m a g n i t u d e  o f  t h e  t o r s i o n a l  moments, t h e  a m p l i t u d e  a n d  t h e  
wave fo rm must b e  known. 

The a u t h o r  a n d  t h e  nem3ers  o f  t h e  < r o u p  f o r  s t r u c t u r a l  
r e s e a r c h  a t  G A L C I T  (Guqsenhe in  A e r o n a u t i c s  L a b o r a t o r y  o f  
t h e  C a l i f o r n i a  I n s t i t u t e  of  T e c h n o l o g y )  ' a r e  w o r k i n g  on a 
t h e o r y  s u g g e s t e d  h y  t h e  e x p e r i n e n t a l  w o r k  of t h i s  r e p o r t  
t h a t  p r e s u m a b l y  will r e s u l t  i n  t h e  d e t e r m i n a t i o n  o f  t h e  
wave f o r m  as  a f u n c t i o n  o f  t h e  load. I n  t h e  p r e s e n t  r e -  
p o r t ,  t h e  3 r o b l e m  i s  t r e a t e d  u n d e r  t h e  f o l l o w i n g  s i m p l i f y -  
i n g  a s s u m p t i o n s :  
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(1) A f t e r  b u c k l i n g ,  t h e  a v c r a q e  s t r e s s  i n  t h e  s h p c t  
a t  i h e  median  f i b e r  a l o n g  t h e  l i n e  y = 0 ( f i q .  2) i s  2 s -  
sumcd t o  r ema in  c o n s t a n t  a n d  c q u a l  t o  o C ,  t h e  b u c k l i n g  
s t r e s s  o f  t h e  s h c e t .  I t  s h o u l d  be  c l e a r l y  u n d e r s t o o d  t b . a t  
t h e  a s s u m p t i o n  o f  c o n s t a n t  s t r c c s  i s  u s e d  o n l y  i n  t h o s e  
s u b s e q u c n t  c a l c u l a t i o n s  i n v o l v i n g  t h e  a x i a l  d e f o r m a t i o n  of 
a s h f e t  e l e m e n t ,  a t  y = 0 ,  due  t o  t h e  e x t e r n a l  l o a d .  
The l o c a l  s t r e s s ,  a t  t h e  median  f i b e r ,  : v i 1 1  a c t ' u a l l j .  be L?. 

v a r i a b l e  o v e r  t h e  l e n g t h  of  t h e  p a n e l  bec?!use b u c k l i n g  o f  
t h e  s h e e t  c a u s e s  i n d u c e d  s t r e s s e s .  The m a q n i t u d e  o f  t h e s e  
i n d u c e d  s t r e s s e s  w i l l  deFend upon t h e  b o u n d a r y  c o n 2 i t i o n s  
o f  t h e  p r o b l e m .  The change  i n  t h e  a v e r a s p  s t r e s s  a l o n ?  
t h e  l i n e  y = 0 a f t e r  b= lck l ing  n i l l ,  i n  g e n e r a l ,  b e  s r i s l l  
c o n p n r e d  13:ith t h e  change  i n  t h e  e d < e  s t r e s s ,  i . c . ,  a t  H = 
b / 2 .  A c c o r d i n g  t o  equ .a t ion  ( 1 7 )  ( Z i v e n  l a t e r ) ,  t h e  msxi -  

n1um ,n.mnlitui?e i s  a f u n c t i o n  o f  JEstl-E:, n h e r e  c s t  
i s  t h e  a v e r a s e  u n i t  s t r z j n  along: t h e  l i n e s  p = 2!2 a n d  cC 
i s  the nvera.l;e u n i t  s t r a i n  a lonP;  t h e  l i n e  y = 0 .  A com- * 
p a r i s o n  bettvcen c a l c u l a t i o n s  b a s e d  on t h e  e x p e r i n e n t a l  0-0- 

s e r v r t i o n s  g i v e n  i n  f i g u r e s  2 0  a n d  2 1  o f  reference 9 ai2d 
t h o s e  b z s e d  on t h e  a s s u m p t i o n  t h a t  cC = c o n s t a n t  i s  shotm ., 
i n  f i g u r e  4 ,  i n  w h i c h  */T=t- - cC i s  ? l o t t e d  as a f u n c -  

t i o n  o f  E s t .  The averz.;c s t r a i n  a l o n q  t h e  l i n e  y = 0 
n a s  o b t a i n e d  f r o m  f i g u r e  21 o f  r e f e r e n c e  9 and. t h e  aver- ;e  
s t r a i n  pG1ong y = I I / ~  f r o m  f i G u r e  20  o f  r e f e r e n c e  9. T h e  
u n i t  s t r a i n  z t  b u c k l i n g  W ~ S  e s t i m a t e d  f r o m  t h e  e x i i e r i m e n t a l  
o b s e r v e t i o n s  t o  be 2.2 x l r 4 .  The r e s u l t s  shoni1 i n  fis- 
u r e  4 i n d i c a t e  t h a t ,  a s s u m i n g  no e x p e r i n e n t n l  e r r o r ,  t h e  
maximum e r r o r  i n v o l v e d  i n  t h e  a m p l i t u d e  c a l c u l a t i o n  ' czsed  
on t h e  n s s u m p t i o n  t h a t  cC = c o n s t a n t  i s  o f  t h e  o r d e r  of  
5 p e r c e n t ,  

~ 

( 2 )  A s  c?. f i r s t  a p p r o x i m a t i o n ,  i t  n i l l  be a s sumed  t h a t  
t h e  wave form a f t e r  b u c k l i n s  i s  t b c  same as  t h a t  a t  t h e  
s t a b i l i t y  l i m i t .  

B e f o r e  t h e  i n t e r a c t i o n  S e t n e e n  t h e  S u c k l e d  s :?ee t  rtnd 
t h e  s t i f f e n e r  i s  c * ? l c u l a t e d ,  t h e  n n x i n u n  d e f l e c t i o c s  o f  
t h e  s h c e t  .pure c n l c u l z t e d  a c c o r d i n g  t o  a s s u n : i t i o n s  (1) a n d  
(2) a n d  compared with t h e  e x p e r i n e n t a l  e v i d e n c e .  

F o r  t h e  c a s e  o f  syr?.metry,  t h e  maxirnun n m n l i t u d e  vi11 
o c c u r  a t  t:ie p o i n t  y = 0, x = h / 2  r,nd 7 , y i l l  be  c r l c u l a t e d  
a c c o r d i n g  t o  t h e  f o r e g o i n g  a s s u m p t i o n s .  An e l e n e n t  o f  t h i n  
s h e e t  s u b j e c t e d  t o  a n  a x i z l  c o n p r e s s i v e  l o a d  n : i l l  d e fo rm 
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v i n  t h e  a x i a l  d i r e c t i o n  a n  amount T r o F o r t i o n a l  t o  o L / E  
u n t i l  b u c k l i n g  t a k e s  p l a c e .  Beyond t h e  b u c k l i n g  l o a d ,  
t h e  d e f o r m a t i o n  m i l l  be  a f u n c t i o n  of  t h e  a x i a l  compres- 
s i v e  s t r e s s  i n  t h e  s h e e t  a n d  t h e  n a g n i t u d e  o f  t h e  com_pres- 
s i o n  ~ Q ? , V P S .  

Then 

a h e r e  

J 

a 

L e t  ET be t h e  t o t a l  d e f o r m a t i o n  i n  t h e  x - d i r e c t i o n .  

f c .  d e f o r m a t i o n  due t o  a x i a l  . c o m p r e s s i v e  s t r e s s .  

tS,  d e f o r m a t i o n  clue t o  nave f o r n a t i o n .  

f T  = t c  + t s  ( 1 5 )  

I f  d s  i s  t h e  l e n q t h  o f  a n  e l e -  
n e n t  of  S u c k l e d  s h e e t  a n d  t h e  
c o r r e s g o c d i n q  e l e m e n t  o f  c h o r d  
i s  fix, tlzen t h e  d i s p l a c e m e n t  
due  t o  % e n d i n g  i s :  

2 d t s  = ds-dx = ,/dx2+dwl -dx 

f r o m  173 i  ch 

Assuming dm,/dx small  a n d  ex- 
p a n d i n g  g i v e s :  

a 

0 
- 

E T  - F o r  t h o  c a s e  i n  wh ich  t h e  s t i f f e n e r  i s  n o t  b u c k l e d  

--__ O s t a  S u b s t i t u t i n g  i n  e q u a t i o n  ( 1 5 ) :  
E s t  
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whel'e cjc i s  b u c k l i n g  s t r e s s  i r _  s h e c t .  

est, a x i a l  c o m p r e s s i v e  stress i n  s t i f f e n e r .  

E, 9 Yoling's modulus f o r  s h e e t .  

X s t ,  Young ' s  nodulus f o r  s t i f f e n e r .  

A c c o r d i n g  t o  t h e  s t a t e d  a s s u n n t i o n s ,  along t h e  lint? ;J = 0 ,  
t h e  c i e f l e c t e d  s u r f a c e  i s  S i v c n  b y :  

w h e r o  f o  i s  t h e  a m p l i t u d e  a t  y = 0 ,  x = h / 2 ,  f r o n  
15: h i c h 

a a 
2 

1 f >  / a w l '  0 - IT2  in nx an 2 2 - (---)  dx = f o "  -- 
2 1 \ax / 

ax  = -- c o s a  -- 4 h "  f o  2h2 / h ', 
0 0 

S u b s t i t u t i n ?  i n  e q u a t i o n  (16) 2nd. s o l v i n g  f o r  f o / X  g i v e s :  

The p r e c e d i n g  e q u a t i o n  may be m r i t t e n  i n  t h e  f ' o r m :  

v h p r e  c S t  i s  t h e  u n i t  d e f o r m a d t i o n  o f  t h e  s t i - ' f e n e r  
( C T s t / E s t )  a n d  cC i s  t h e  T i i i i t  d e f o r m a t i o n  o f  t 5 e  s h e e t  
a t  b u c k l i n q  ( O?/E, j. 3 c y o n d  the prcL3ort ion: i l  l i m i t ,  t h e  
v a l u c  o f  c s t  s h o u l d  b e  d c t c r n i n e d  from t h e  s t r e s s - s t r z i a  
c u r v e  of t'Te S t i f 'TPner .  T h e  w l u e  o f  'J, i s  o b t a i n e d  
from t:ie c u r v e s  01" f i g u r c  3 .  ~ a l l l e s  o f  f o / h  f o r  s t i f ~ e n -  
c r  s t r e r s e s  up t o  27,090 ?sounds y e r  s q u a r e  i n c h  1?;Lvc 5qen  
o-stained brr c x p e r i n c n t a l  methocis.  m &he curve o f  f 0 / h  

L 

li. 

c 
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a g a i n s t  G s t  - crc i n  f i 5 u r e  5 ,  o b t a i n e d  f rom e q u a t i o n  
(17), i n d i c a t e s  a r e m a r k a b l y  ~ o o d  a q r e e m e n t  w i t h  t h e  ex- 
p e r i n e n t a l  r e s u l t s .  

I I ,  EXPERIMENTAL TECH111 QUE AND RESULTS 

The e x t e n s i v e  u s e  of e x t r u d e d  s e c t i o n s  as  r e i n f o r c i n g  
members i n  m e t a l - a i r c r z f t  c o n s t r u c t i o n  makes i t  d e s i r a b l e  
t o  i n v e s t i s a t e  t h e  b e h a v i o r  u n d e r  l o a d  o f  s u c h  s e c t i o n s  
when a t t a c h e d  t o  t h i n  s h e e t .  A s y s t e m a t i c  s t u d y  o f  t h e  
b e h a v i o r  o f  3 u l b  a n g l e s  u n d e r  l o a d ,  as  columns  a n d  a s  r e -  
i n f o r c i n g  members i n  t h i n  s h e e t - m e t a l  c o n s t r u c t i o n ,  mas 
u n d e r t a k e n  a t  t h e  C a l i l o r n i a  I n s t i t u t e  of  T e c h n o l o g y  d u r -  
i n g  t h e  s c h o o l  y e a r  1936-37 .  D u r i n g  t h e  f i r s t  y e a r ,  a 
s e r i e s  o f  t e s t s  was c o n d u c t e d  t o  d e t e r m i n e  t h e  u l t i m a t e  
s t r e n g t h  of d i f f e r e n t  b u l b  x n p l e s  as p i n - e n d  co lumns  a n d  
o f  p::nels i n  which  one o f  t 5 e s e  b u l b  a n q l e s  ( 1 0 2 8 2 )  was 
u s e d  a s  a s t i f f e n e r .  T h i s  nr,rt o f  t h e  i n v e s t i g a t i o n  was 
c a r r i e d  o u t  by L i e u t e n a n t  (J.G.) J o s e p h  N .  Murphy, U.S.N., 
a n d  C a p t a i n  J o e  N .  S m i t h ,  T J . S . l ~ o C o  The i n v e s t i g a t i o n  h a s  
S e e n  c o n t i n u e d  by t h e  a u t h o r .  

The a n a l y t i c a l  i n v e s t i g a t i o n  c a r r i e d  on a s  a p a r t  
of  t h e  s t u d y  i n d i c a t e d  t h e  d e s i r a b i l i t y  o f  i~ more t h o r o u g h  
t e s t i n e ;  F r o c e d u r e ,  C o n s e q u e n t l y ,  i n  a d d i t i o n  t o  d e t e r m i n -  
i n g  t h e  u l t i m a t e  l o a d  of t h e  p a n e l ,  s t i f f e n e r  d e f o r m a t i o n s  
were  m e a s u r e d  a t  i n t e r n e d i a t e  l o a d s  a n d  r e c o r d s  w e r e  made 
of t h e  mave p a t t e r n  o f  t h e  b u c k l e d  s h e e t .  Knowing t h e  
s t i f f ’ e n e r  d e f o r m a t i o n  f o r  a g i v e n  l o a d ,  a c u r v e  o f  a v e r a g e  
s t r e s s  as  a f u n c t i o n  o f  s t i f f e n e r  s t r a i n  c o u l d  be p l o t t e d .  
1% was t h e n  p o s s i b l e ,  w i t h  t h e  a i d  o f  t h e  s t r e s s - s t r a i n  
dia”;am o f  t h e  s t i f f e n e r  a l o n e ,  t o  d e t e r m i n e  t h a t  p o r t i o n  
Of t h e  t o t a l  load c a r r i e d  b y  e i t h e r  t h e  s t i f f e n e r s  o r  t h e  
s h e e t  t h r o u g h o u t  t h e  e n t i r e  r a n g e  o f  l o a d .  From t h e s e  
d a t a ,  t h e  e f f e c t i v e  w i d t h  o f  t h e  s h e e t  a c t i n g  w i t h  t h e  
s t i f f e n e r s  a t  a n y  s t i f f e n e r  s t r e s s  c o u l d  be c a l c u l a t e d  a n d  
p l o t t e d .  

Column c u r v e s  o f  t h e  a v e r a g e  s t r e s s  a t  f a i l u r e  w e r e  
p l o t t e d  as a f u n c t i o n  o f  t h e  e f f e c t i v e  s l e n d e r n e s s  r a t i o  
of  t h e  3 a n e l s .  T h e s e  c u r v e s  i n d i c z t e c i  t i l e  e f f e c t  o f  t h e  
co lumn l e n g t h  on t h e  u l t i m a t e  s t r e s s e s .  

The a n v e - g a t t e r n  r e c o r d s  were  u s e d  t o  c h e c k  t h e  t h e o -  
r e t i c a l l y  c a l c u l a t e d .  v a l u e s  o f  t h e  buclrlfnc: s t r e s s  a n d  t h e  
maximum-nF>ve am-ol i tude  o f  t h e  s h e e t .  
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The t h e o r e t i c a l  a n a l y p i s  a l s o  i n c ? i c a t e d  t h a t  a knowl-  
e d g e  o f  t h e  t o r s j . o n a l  r i g i d i t y  o f  t h e  s t i f f e n e r s  WV:IS r e -  
q u i r e d .  The t o r s i o n a l  r i r i d i t y  o f  bulb-antgle  s e c t i o n s  
b e i n g  r a t h e r  d i f f i c u l t  t o  c a l c u l a t e ,  t h i s  p r o p e r t y  was ex- 
p e r i m e n t a l l y  d e t e r m i n e d .  

Mat e r i a1 s 

The e x t r u d e d  S u l S - a n g l e  s e c t i o n s  u s e d  i n  t h e  t e s t s  
v:ere f a b r i c a t e d  f rom 24ST aluminum a l l o y .  ( S e e  f i 2 .  6.) 
The shTe t  1va.s also of  24ST alloy w i t h  a norriinal t h i c k n e s s  
o f  0.020, 0.025,  a n d  0 .340  i n c h .  The s t r e n s t h  p r o p e r t i e s  
o f  f i v e  o f  t h e  b u l b - a n g l e  s e c t i o n s  a r e  g i v e n  i n  f i g u r e  7 
a n d  t a b l e  I . 

T e s t  S p e c i m e n s  

The p a n e l  l e n g t h s  \ “ e r e  s o  c b o s e n  E S  t o  c o v e r  t h e  com- 
p l e t e  r a n g e  o f  b u l k h e a d  s p a c i n g s  t h a t  migh t  % a  e n c o u n t e r e d  
i n  c u r r e n t  a i r c r a f t  d e s i g n  p r a c t i c e  arid w e r e  such a s  t o  
c o v e r  t i l e  n o r r i a l  s h o r t - c o l u m n  r a n g e  a n d ,  i n  c e r t a i n  i n -  
s t a n c e s ,  d e p e n d i n g  on t h e  d i m e n s i o n s  o f  t h e  bulb anc r l e ,  
were  ~ u c h  a s  t o  r e a c h  t h e  long-column r a n c e .  

The number o f  s t i f f e n e r s  w a s  v a r i e d  i n  o r d e r  t o  i n -  
v e s t i 2 ; a t c  t h e  e f f e c t ,  i f  a n y ,  o f  t S P  number o f  s t i f l e n -  
e r s  on t h e  u l t i m a t e  s t i f f e n e r  s t r e s s e s .  

A t y p i c a l  examgle  o f  o n *  o f  t h e  183 :a.i:el s p e c i m e n s  
i s  shown i n  f i y u r e s  8 and 9.  The ri ir .!ensions o f  t h e  s p e c -  
i m e n s  and  t h e  t e s t  d a t a  a r e  4 i v e n  i n  t a b l e s  I1 t o  VII .  
F o r  :ia:iels 148  t o  1 8 3 ,  t h e  s t i f f e n e r  s 2 a c i n g  mas 4 i n c h e s .  
On a l l  o t h e r  p a n e l s ,  t h e  s p a c i n g  was 5 i n c h e s .  The r i v e t  
s ~ e c i n < ,  n h i c h  mas t h r e e - f o u r t h s  i n c h  i n  a l l  c a s e s ,  was 
c h o s e n  s o  t h a t  p r e m a t u r e  b u c k l i n g  o f  t h e  s h c e t  b e t n c e n  
r i v e t s  v o u l d  n o t  o c c u r  f o r  e i t h e r  t h e  t h i n  o r  t h e  t h i c k  
s h e e t .  0.: each p a n e l ,  t h e  s 3 c e t  e x t e n d e d  beyond t h e  o u t -  
bo: i rd  s t i f f e n e r  a d i s t a n c e  e q u a l  t o  h e l f  t 3 e  s t i f f e n e r  
spa c i  i ig .  

In o r d e r  t o  o b t a i n  s q u a r e  avld Farallel e n d s ,  all pan-  
e l s  meye c a r e f u l l y  m i l l e ?  i n  I n i l l i n g  iT,achi;ie, t h e  e n d s  
b e i n q  kelpt n a r a l l e l  t o  T i t h i n  1/1300 i n c h .  

A f t e r  c o m ~ l e t i o n  o f  t h e  t e a t s  o f  p a n e l s  150 t o  1 3 8 ,  
c h e c k  _nancls  mere t e s t e 6  t o  ! x i n i m l z e  the e x y e r i r i e n t n l  
s c a t t e r .  

Y. 

c 
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Bulb  a n s ; l e s  f r o m  3 t o  27s i n c h e s  i n  l e n g t h  w e r e  t e s t -  
e d  a s  p i n - e n d  c o l u m n s ,  t h i s  v a r i a t i o n  i n  l e n g t h  b e i n g  s u f -  
f i c i e n t  t o  c o v s r  b o t h  t h e  s h o r t - c o l u c n  a n d  t h e  long-column 
r P c 2 e s .  C r o s s  s e c t i o n s  of  t h e  t e s t  s p e c i m e n s  a r e  shown i n  
f i g u r e  6 .  S t i f f e n e r  columns 2$ i n c h e s  i n  l e n g t h  w c r e  
t e s t e d  f l a t - e n d e d  t o  o b t a i n  a c o m p r e s s i o n  s t r e s s - s t r a i n  
c u r v e  f o r  e a c h  o f  t h e  b u l b - a n q l e  s e c t i o n s  u s e d  i n  p a n e l s  1 
t o  130 .  S y e c i m e n s  15 t o  2 0  i n c h e s  i n  l c n q t h  o f  t h i s  l a s t  
g r o u p  o f  . s t i f f e n e r s  were also t e s t e d  i n  t o r s i o n .  

Owing t o  m a n u f a c t u r i n q  t o l e r a n c e s ,  t h e  d i m e n s i o n s  o f  
t h e  s p e c i m e n s  v a r i e d  c o n s i d . e r a b l y  from t h e  s p e c i f i c a t i o n s .  
I n  p a r t i c u l a r ,  t h e  b u l b  a n g l e s  were  s u h j e c t  t o  a t  l e a s t  
a n  8 - p e r c e n t  v a r i a t i o n  i n  c r o s s - s e c t i o n a l  a r e a .  The d i -  
m e n s i o n s  shown i n  f i g u r e  6 a r e  t h e  n o m i n a l  d i m e n s i o n s .  
A l l  s p e c i m e n s  w e r e  checked  w i t h  a m i c r o m e t e r  c a l i p e r ,  a n d  
t h e  a c t u a l  d i m e n s i o n s  were u s e d  i n  r e d u c i n g  t h e  t e s t  d a t a .  

T e s t  A p p a r a t u s  and T e s t i n g  P r o c e d u r e  

A l l  p m e l  s p e c i m e n s  were t e s t e d  f l a t - e n d e d  i n  a s t s n d -  
a r d  1 5 0 , 3 ~ 1 0 - p o u n d  O l s e n  t e s t i n q  m a c h i n e .  ( S e e  f i g .  10.) 
The column t e s t s  were  c o n d u c t e d  i n  a 3,0:30- a n d  a. 30 ,000-  
pound B i e h l e  t e s t i n g  m a c h i n e ,  a n d  t h e  t o r s i o n  t e s t s  i n  a 
small  t o r s i o n  n a c h i n e  b u i l t  by t h e  S c i e n t i f i c  I n s t r u m e n t  
Company. 

Two s p e c i a l  f a c e  p l a t e s  were made t o  i n s i x r e  a n  e v e n  
l o a d  d i s t r i b u t i o n  o v e r  t h e  p a n e l .  T h e i r  s u r f a c e s  mere 
k e p t  g a r a l l e l  t o  w i t h i n  1/1009 i n c h .  The two f a c e  g l a t e s  
were  p l a c e d  b e t n e e n  t h e  h e a d s  o f  t h e  t e s t i n g  m a c h i n e  a n d  
t h e  t e s t  p a n e l  w a s  mounted between them. A sinall l o a d  was 
a p ’ p l i e d  t o  h o l d  t h e  F a n e l  i n  p l a c e  w h i l e  R u q g e n b e r g e r  t e n -  
s i o m e t e r s  mere mounted on e a c h  s t i f f e n e r  a s  shown i n  f i g -  
u r e  10. The t e n s i o m e t e r s  v e r e  i n  a l l  c a s e s  mounted a s  
n e a r  a s  p o s s i b l e  t o  t h e  c e f i t r o i d  o f  t h e  b u l b  a n g l e .  

The f r e e  e d g e s  o f  t h e  p a n e l s  mere s u n p o r t e d  by s l o t t e d  
s t e e l  t u b e s ,  3 / 4 - i n c h  o u t s i d e  d i a m e t e r  by  0.993 i n c h ,  a . 
c l e a r a n c e  of  a g p r o x i m a t e l y  l / 5  i n c h  b e i n g  a l l o w e d  a t  e a c h  
e n d  o f  t n e  p a n e l .  I t  w a s  f e l t  t h a t  c l a m p i n <  t h e  t u b e s  t o  
t h e  s h p e t  would  g i v e  t o o  q r e a t  a r i q i d i t y  t o  t h e  f r e e  
e d g e s ;  h e n c e ,  t h e  e i lces  were  m e r e l y  i n s e r t e d  i n  t h e  s l o t ,  
v h i c h  w a s  s u c h  a s  t o  q i v e  a s l i d i n g  f f t  o v e r  t h e  s h e e t .  
T h i s  c o n d i t i o n  would p r o b a b l y  c l o s e l y  a p p r o x i m a t e  a c o n d i -  
t i o n  o f . s i m p l e  s u p p o r t ,  t h e  e f f e c t  of w h i c h  c a n  be calcu- 
l a t e d .  
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When t h e  l o a d  was a p p l i e d ,  n o t n i t h s t a n d i n g  t h e  c a r e  
e x e r c i s e d  i n  m i l l i n g  t h e  e n d s  of  t h e  t e s t  F a n e 1  a n d  i n  
u s i n g  t h e  f a c e  p l a t e s ,  t h e  load d i s t r i b u t i o n  o v e r  t h e  
w i d t h  of t h e  p a n e l  was f o u n d  t o  be u n e v e n .  T h i s  uneven-  
n e s s  mas due t o  n o n p a r a l l e l  m o t i o n  o f  t h e  movable  h e a d  o f  
t h e  t e s t i n g  machine  w i t h  r e f e r e n c e  t o  t h e  f i x e d  b a s e  and 
n e c e s s i t a t e d  shimming t h e  f a c e  F l a t e s  u n t i l  t h e  t e n s i o m e -  
t e r  r ead ine ; s  i n d i c a t e d  a n  even  l o a d  d i s t r i b u t i o n .  

A s p e c i a l  mach ine  c o n s i s t i n g  e s s e n t i a l l y  o f  a c a r -  
r i a s e  t h a t  moved a l o n q  a v e r t i c a l  column was d e s i g n e d  t o  
t r a c e  a n d  r e c o r d  t h e  mave fo rm of  t h e  b u c k l e d  s h e e t .  ( S e e  
f i g .  11.) A r a c k  w i t h  a r o l l e r  on one  e n d  p r o j e c t s  f r o m  
t h e  c a r r i n e ; e  t o  t h e  p a n e l ,  s o  t h a t  t h e  e n d  o f  t h e  r a c k  c a n  
f o l l o r v  t h e  c o n t o u r  o f  t h e  n a v e s .  T h i s  r a c k ,  t h r o u g h  a 
s u i t a b l e  a m p l i f y i n g  gea r  t r a i n ,  o p e r a t e s  a ?en  t h a t  t r a c e s  
t h e  p r o f i l e  o f  t h e  wave on o n e  f a c e  o f  a n  o c t n g o n a l  r e -  
c o r d i n g  drum. The g e a r  s i z e s  are s o  c h o s e n  as t o  g i v e  a 
1 : 5  a m p l i f i c a t i o n  o n  t h e  r e c o r d .  A l i g h t  s p r i n g  i s  u s e d  
t o  l o a d  t h e  d e v i c e  Rnd k e e p  t h e  roller on t h e  f i r s t  r a c k  
a l n a y s  in c o n t a c t  w i t h  t h e  s h c c t .  The v e r t i c a l  column 
cnn be moved t r a n s v e r s e l y ,  p e r n i t t i n q  a n  a x i a l  t r a c e  of  
t h e  tvv8ve ?*mpl i tude  t o  be rrade a t  a n y  p l a c e  on t h e  s h e e t .  

Aft.c?r t h e  i n i t i a l  load h a d  b e e n  a p c l i e d  e n d  t h e  t e n s i -  
o m e t e r s  pl.‘i.ced on t h e  s t i f f e n e r s ,  t h e  l o a d i n g  was i n c r e a s e d  
i n  1 2  t o  15 i n c r e m e n t s  u n t i l  f a i l u r e  o c c u r r e d .  J u s t  be- 
f o r e  f z i l u r e ,  t h e  t e n s i o m e t e r s  mere removed.  T e n s i o m e t e r  
r e a d i n 5 s  were  t a k e n  f o r  e a c h  i n c r e m e n t  o f  l o a d ,  a n d  t r a c -  
i n g s  of t h e  wave p r o f i l e  R t  v a r i o u s  ? l a c e s  on t h e  p n n e l  
were  made s e v e r a l  t i m e s  i l z  t h e  c o x r s e  o f  t h e  t e s t .  A few 
o f  t h e  p m e l s  w e r e  t e s t e d  w i t h o u t  i n s t r u m e n t s ,  o n l y  t h e  
f a i l i n <  l o a d  b e i n g  r e c o r d e d .  

The ends  o f  t h e  s t i f f e n e r  s p e c i n e n s  t e s t e d  i n  t o r s i o n  
a l o n e  were c e s t ,  3g means o f  l ’ ? o o d f s  Tcetnl ,  i n t o  o v e r s i z e  
s o c k e t s  t h a t  f i t t e d  i n t o  t h e  t o r s i o n  p a c h i n e .  T h i s  s e t - u p  
i s  shown i n  f i g u r e  12. It was t h u s  p o s s i b l e  t o  a l i n e  t h e  
s h e a r  c e n t e r  o f  t h e  b u l b  a n g l e s  w i t h  t h e  a x i s  o f  t h e  m a -  
c h i n e .  

E x p e r i m e n t a l  Data 

C a l c u l a t i o n  o f  e f f e c t i v e  w i d t h  f rom ~ _ ____& e x D e r i m e n t a 1  - d a t a . -  -- 
The e f f e c t i v e  w i d t h  o f  a s t i f f e n e d  p a n e l  c a n  be  c a l c u l a t e d  
f o r  a n y  g i v e n  load i f  t h e  s t i f f c n e r  s t r e s s  i s  known, The 
s t i f f e n e r  s t r e s s  u p  t o  t h e  p r o ~ o r t i o n a l  l i m i t  c a n  be d i r e c t -  
l y  o b t a i n e d .  f r o m  t h e  t e n s i o m e t e r  r e a d i n g s  by  means o f  t h e  

v 

0 

u. 
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e q u a t  i on 

where o-,t i s  t h e  s t i f f e n e r  stress, nounds :?er s q u a r e  
i n c h .  

k ,  t e n s i o m e t e r  c o n s t a n t .  

R, t e n s i o m e t e r  r e a d i n g .  

E ,  Young ' s  modu lus .  

In o r d e r  t o  o b t a i n  t h e  s t i f f e n e r  s t r e s s  beyond t h e  
p r o p o r t i o n a l  l i m i t  , f l a t - e n d  c o m p r e s s i o n  t e s t s  were  con- 
d u c t e d  on 2 4 - i n c h  spec imens .  The s t r e s s - s t r a i n  c u r v e s  f o r  
f i v e  o f  t h e  b u l b  anz ; l e s  u s e d  a s  s t i f f e n e r s  a r e  shown i n  
f i % u r e  7 .  U s i n g  t h e  s t r a i n  r e a d i n g  f o r  t h e  13c?nel, t h e  
c o r r e s p o n d i n g  s t r e s s  c o u l d  b e  o b t a i n e d  f r o m  t h e  s t r c s s -  
s t r a i n  c u r v e s .  Vhere  t h e  s t r e s s - s t r a i n  c u r v e s  f o r  t h e  
c h e c k  s p e c i m e n s  d e v i a t e d ,  an a v e r a g e  v a l u e  was u s e d .  A 
t e n s i o n  s t r e s s - s t r a i n  c u r v e  f o r  spec imen  8 4 7 8  vas p l o t t e d  
on  t h e  same f i g u r e  t o  q i v e  a compar i son  o f  t h e  s t r e n g t h  
p r o p e r t i e s  o f  t h e  sgec imen i n  t e n s i o n  a n d  c o m p r e s s i o n .  

The load c a r r i e d  by t h e  s h e e t  i s  g i v e n  by t h e  equa-  
t i o n :  

mhere  P i s  t o t a l  a p p l i e d  load, p o u n d s .  

We, e f f e c t i v e  w i d t h  o f  s h e e t  a c t i n g  n i t h  e a c h  
s t i f f e n e r  ( r e f e r e n c e  10). 

A S t ,  s t i f f e n e r  a r e a ,  s q u a r e  inches. 

n ,  nim!>er of s t i f f e n e r s .  

t ,  s h e e t  t h i c k n e s s .  

k,, r a t i o  be tween l o a d  c a r r i e d  by e a c h  e f f e c t i v e  
w i d t h  of s h e e t  a n d  a c i d i t i o n a l  l o a d  c a r r i e d  
by o u t s i d e  s h e e t  p a n e l s  due  t o  e d g e  s u ~ p o r t s .  
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E v z l u a t i o n  o f  .- The e f f e c t  of  t h e  t u b e  o v e r  t h e  - ---- k L  
€ r e p  e d q e  of  t h e  p a n e l  i s  t o  s t i f f e n  t h c  s h e e t  b e t w e e n  t h e  
s t i + ' f e n e r  a n d  t h e  t u 3 e ;  a n d ,  i n  e f f e c t ,  t h e  p a n e l  w i d t h  
i s  2.5 i n c h e s  r a t h e r  t h a n  5 i n c h e s .  S e c a u s e  t h e  p a n e l  
w i d t h  i s  d e c r e a s e d ,  t h e  c r i t i c a l  b u c k l i n g  s t r e s s  o f  t h e  
-beet i s  i n c r e a s e d  z n d  t h e  s h e e t  bettvecn t h e  t u b e  and t h e  
s t i - ' f e n e r  w i l l  b e  a c t i n g  a t  a h i c h e r  a v e r a g e  s t r e s s  t h a n  
t h e  s L F e t  be t r recn  t h e  t w o  j u l b  e n g l e s .  The e f f e c t i v e  
w i & t h  3 e i E g  p r o g o r t i o n a l  t o  t h e  load c a r r i e d  by t h e  s h e e t ,  
t h e  r a t i o  or" t h e  n t ' t d i t i o n n l  l o 7 . d  c a r r i e d  by t h e  s h e e t  t o  
t h e  l o a d  t h a t  w o u l d  norm,-.,lly >e c e r r i e d  i f  t h e  p a n e l  were 
c o n t i n u o u s  c-n b e  q i v c n  by  t h o  e q u a t i o n :  

where  
f e n c r .  
f i s u r e  
t h e  et '  

( 2 1 )  

i s  t h e  e f f e c t i v e  n i d t h  be tween  t u b e  a n d  s t i f ' -  

13. No t h e o r y  t h n t  g i v e s  a c o r r e c t  c a l c u l a t i o n  o f  
e c t i v e  w i d t h  i n  a s t i f f e n e d  :liane1 a t  ? r e s e n t  e x i s t s .  

WeT 
The e f f e c t  of  t h e  e d g e  su.v.r>orts i s  . i l l u s t r a t e d .  i n  - 

The e q c z t i o n  5 i v e n  0:'. " ' i q e  28 of  r e f e r e n c e  11 was c o n s i d -  c 

e r e d  t o  q i v e  t h e  b e s t  a c p r o x i n a t i o n .  S e r e  Mar2;uerre su<- 
% e s t 8  t h e  f o l l o m i n g  c q u n t i o n  ( i n  t h e  c o t a t i o n  of t h e  p r e s -  

e n t  p a . P e r )  f o r  v a l u e s  of  1 < ,,, < 7 5 :  
C 

b 3/------ w e  - - - j 3-c/Jst 
2 

(22) 

w h e r e  b i s  s t i f f e n e r  s - ' , ac ing ,  i n c h e s .  

G c ,  c r i t i c a l  b u c k l i n g  s t r e s s  o f  s h e e t  b e t w e e n  
s t i f f e n e r s ,  ~ ~ o u n d s  p e r  s q u a r e  i n c h .  

Assuming t h a t  . t h e  e f f e c t i v e  w i d t h  due  t o  t h e  t u b e  c a n  b e  
c a l c u l a t e d  i n  t h e  snlne m a n n e r ,  a n d  i f  

' i s  t h e  c r i t i c a l  b u c k l i n g  s t r e s s  o f  s h e e t  be- 
tween  s t i f f e n e r  a n d  t u b e ,  pounds  p e r  s q u a r e  
i n c h ,  

% 

b', s n a c i n g  3 e t n e e n  s t i f f e n e r  a n d  t u b e ,  

t h e n  
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Mot ine ;  t h a t  i n  t h i s  c a s e  b / 2  = b' a n d  s u b s t i t u t i n g  equa -  
t i o n s  ( 2 2 )  a n d  ( 2 3 )  i n  ( 2 1 )  g i v e s :  

k ,  = y C c l / F c  - 1 ( 2 4 )  

< 
I t  s h o u l d  be n o t e d  t h a t ,  f o r  a l l  v a l u e s  of os+, = o,, 
k ,  = 0 s i n c e  (jC = D c l  = a,t a n d ,  f o r  a11 v a l u e s  o f  
D s t  2 Oc, k ,  = c o n s t a n t .  

The b u c k l i n g  s t r e s s ,  oc,  can  be computed  by means 
of  t h e  c u r v e s  q i v e n  i n  f i 3 u r e  3 ,  i f  t h e  t o r s i o n a l  r i g i d i t y  
of  t h e  s t i f f e n e r  i s  known. A s  a f i r s t  a p p r o x i m a t i o n ,  (Tc* 
mas e v e l u a t e d  i n  t h e  f o l l o w i n g  manner :  

( a >  C a l c u l a t e  t h e  bucklincl; s t r e s s  o f  t h e  s h e e t ,  be-  
tween  t h e  s t i f f e n e r  a n d  t h e  t u b e ,  a s s u m i n s  t h e  c o n d i t i o n s  
o f  s u p p o r t  a t  t h e  t u b e  t o  5 e  t h e  same as  t h o s e  a t  t h e  s t i f -  
f e n e r .  

(1) C a l c u l a t e  t h e  b u c k l i n g  s t r e s s  a s s u m i n s  s i m F l e  
s u P p o r t  a t  b o t h  s t i f f e n e r  a n d  t u b e .  

The v a l u e  o f  ocl was t h e n  assumed t o  be t h e  a v e r a s e  
of t h e  t w o  c a l c u l a t e d  S u c k l i n g  s t r e s s e s .  

A p l o t  o f  k ,  a s  a f u n c t i o n  o f  s t i f f e n e r  s t r e s s ,  f o r  
t h e  v a r i o u s  s h e e t  a n d  s t i f f e n e r  c o m b i n a t i o n s ,  i s  shown i n  
f i ; - u r e  1 4 .  Knowing t h e  v a l u e  of k, a s  a f u n c t i o n  o f  t h e  
s t i f f e n e r  s t r e s s ,  t h e  a v e r a g e  e f f e c t i v e  w i d t h  w a s  c a l c u -  
l a t e d  by means o f  e q u a t i o n  ( 3 ) .  The s t i f f e n e r  a r e a  a n d  
t h e  s k i n  t h i c k n e s s  u s e d  i n  t h e s e  c a l c u l a t i o n s  were  comput- 
e d  f r o m  t h e  n e a s u r e d  d i m e n s i o n s  o f  e a c h  s t i f f e n e r .  The 
s t i f f e n e r  s t r e s s  ost a n d  t h e  t o t a l  l o a d  P can  be ob- 
t a i n e d  f r o m  t h e  c u r v e s  ( f i ,as .  15 t o  2 5 )  of  a v e r a g e  s t r e s s  
p l o t t e d  a g a i n s t  s t i f f e n e r  s t r a i n .  By a v e r a g e  s t r e s s  i s  
meant  t h e  a p p l i e d  l o a d  d i v i d e d  by t h e  t o t a l  c r o s s - s e c t i o n a l  
a r e a  o f  t h e  t e s t  p a n e l .  The s t r a i n  a g a i n s t  which  t h e  av -  
e r a s e  s t i f f e n e r  s t r e s s  i s  p l o t t e d  i s  a n  a v e r a < e  v a l u e  o f  
t h e  m e a s u r e d  s t r a i n s  f o r  e a c h  s t i f f e n e r .  

The e x p e r i m e n t a l  v a l u e s  of we/b a s  a f u n c t i o n  o f  
t h e  s t i f f e n e r  s t r e s s  a r e  shown i n  f i g u r e s  26 t o  35. I n  o r -  



d e r  t o  compare t h e  e x p e r i m e n t n l  v a l u e s  w i t h  some  o f  t h e  
e x i s t i n t l ;  t h e o r e t i c a l  w o r k  ( r e f e r e n c - s  1’3 t o  13), t h e  av-  
craze v a l u e s  o f  we/b \.cere p l o t t e d  a s  a f u n c t i o n  o f  

D s t / O c  a n d  a r e  shown i n  f i g u r e  36 .  

---- Maxinurn .- a n n l i t u d c . -  A r e c o r d  of  t h e  n a v e  : ? a t t e r n  v a s  
made a l o n ?  a l i n e  rnid!vay be tween  t h e  s t i f f e n e r s  t o  d o t e r -  
mine t h e  naximum a m p l i t u & e  o f  t h e  b u c k l e d  s h e e t  f o r  it S i v e n  
load. Fror .  t h i s  t r a c i n g ,  tho h a l f - n a v e  l e n g t h  a n d  t h e  max- 
imum a r c p l i t u d e  c o u l d  t h e n  be d.eterrnined.  The . n o i n t s  ? l o t -  
t e d  i r !  f i . ; u r e  5 c o r r e s p o n d  t o  t h e  ~ v o r a s e  v,zliie o f  
t a k e n  o v e r  t 3 e  e n t i r e  1 e n ~ ; t h  of  t h e  Yianel. T?le s t i f f e n e r  
s t r e s s  c o r r c s p o n d i n g  t o  t k e  :qartic1.1la.r l o a d  f o r  w h i c h  t h e  
wave r e c o r d  v a s  m a d e  BFLS  o b t a i n c d  f rom t h e  measured s t i f -  
f e n e r  d e f o r r - ? . t i o n s .  The ‘ o u c k l i n ~  s t r e s s  D~ x n s  computed  
by t h e  c u r v e s  g i v e n  i n  f i ~ u r e  3 u s i n g  t h e  mininum vp.lue 

f0/A 

o f  $. 

Column c u r v e s  . -  oyv~:inq t o  t h e  l a r g e  s t i ‘ f e n c r  de fo rma-  
t i o n s ,  t h e  t e n s i o m e t e r  r e a c ? i n g s  became v e r y  i r r e g u l a r  ne2-r 
t h e  u l t i m a t e  l o a d .  The readi_niTs n e z r  t 5 e  f a i l i c g  l o a d  
were  t h , e r e f o r e  f e l t  t o  b e  insufficiently a c c u r z t e  t o  d e -  
f i n e  t h e  u l t i m a t e  s t r e s s  of the s t i f f e n e r s .  3‘0;- t h i s  
r s a s o n ,  t h e  a v e r a < e  u l t i m a t e  s t r e s s  o f  t h e  p a n e l s  w a s  u s e d  
i n  F l o t t i n y  t h e  c0lurr.c c u r v p s  of t h e  t e s t  r e s u l t s .  The 
v c l u e  of p s  t h e  e f f e c t i v e  r a d i u s  o f  g y r a t i o n  of  t h e  s h e e t  
s t i f f e n e r  c o m b i n a t i o n  a t  f a i l u r e ,  c o u l d  be ap27roximated 
by t h e  f o l l o w i n g  method.  

C a l c u l a t i o n s  were  made t o  d e t e r n i n e  t h e  v a l u e  o f  P 
f o r  t h e  s t i f f e n e r  w i t h  v a r i o u s  amoullts o f  e f f e c t i v e  w i d t h .  
The chan<e i n  p f o r  t h e s e  c o m b i n a t i o n s  w a s  f o u n d  t o  be  
q u i t e  s m a l l  v i t h i n  t h e  r a i l r e  o f  e f f e c t i v e  ITidth i n  w h i c 3  
f a i l u r e  was a:;sumed. t o  o c c u r .  I t  vas p o s s i b l e  t o  d e t e r -  
mine c l o s e l y  t h e  v a l u e s  of L / p  f o r  t h e  > a n e l s  a t  f a i l -  
u r e ,  e v e n  t h o u g h  t h e  c o r r c s : ~ o n d i n ~  v a l u e  o f  s t i f f e n e r  
s t r e s s  was q u i t e  u n c e r t a i n .  Column c u r v e s  shoxinc”; t h e  av-  
era$;c s t r e s s  at f a i l u r e  as  a f u n c t i o n  o f  L / p  c o u l d  t h e a  
b e  p l o t t e d  for t h e  v a r i o u s  p a n e l s .  The r e s u l t s  a r e  shown 
i n  f i < u r e  3 7 .  

Z a r s i a n a L r L s ~ d . % t ~  of ._ b u l  . ~ . . . ~ , p ~ l . e _ ~ . -  T o r s i o n  t e s t s  
\‘:ere co:iducted on a number o f  t h e  b u l b - a n g l e  s 2 e c i m e n s  
U S . > C L  a s  s t i f f e n e r s .  I n  o r d e r  t o  o b t a i n  a p r o > e r  < ; r i p  on 
t h e  t , e s t  s y e c i m e n s ,  t .he  e n d s  n e r e  c a s t  i n t o  o v e r s i z e  sock-  
e t s  t h a t  f i t t e d .  i n t o  t h e  t o r s i o n  m a c h i n e .  Ca re  was t a k e n  
t o  o b t a i n  -!>roper a l i n e m e n t  t h e  s h e a r  c e n t e r  of  t h e  
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b u l b  a n S l e  a n d  t h e  axis of  r o t a t i o n  o f  t h e  t e s t  x a c h i n e .  
The e n d s  were  c a s t  i n  W o o d ' s  m e t a l  a n d  t h e  t e s t s  t h e r e f o r e  
c o r r e s g o n d e d  t o  t o r s i o n  w i t h  end  r e s t r a i n t .  

The a y p l i e d  t o r s i o n a l  mornent of  f i v e  s t i f f e n e r s  i s  
p l o t t e d  a q a i n s t  t h e  c o r r e s p o n d i n g  t o r s i o n a l  d e f l e c t i o n  i n  
f i g u r e  38. The t o r s i o n a l  r i q i d i t y  o f  t h e  s t i f f e n e r  mas 
c a l c u l a t e d  f r o m  t h e  e q u a t i o n  

where MT i s  t h e  t o r s i o n a l  moment, inch->o?ind.s 

Cp , t o r s i o n a l  d e f l e c t i o n ,  r a d i a n s  > e r  i n c h .  

Colunn c u r v e  of s t i f T e n e r s  a l o n e . -  ---- The e x p e r i m e n t a l  
d a t a  o f  t h e  s t i f f e n e r  t e s t e d  a s  p i n - e n d  columns a r c  q i v e n  
i n  t a b l e  V I I I ;  t h e  r e s u l t s  a r e  > l o t t e d  i n  f i g u r e  3 9 .  

S o a g a r i s o n s  of  t h e  r e s u l t s  iTith t h e  " s t r a i g h t - l i n e  
f o r m u l a "  a n d  w i t h  t h e  J o h n s o n  p , z r a b o l i c  forrr iula  a r e  i n d i -  
c a t e d  i n  f i q u r e  39.  F o r  v a l u e s  01" 8 0  < L / P  < 230, t h e  
p o i n t s  s c a + , t e r  a b o u t  t h e  E u l e r  c u r v e ;  a n d ,  f o r  v a l u e s  o f  
L / p <  8 0 ,  most of  t h e  t e s t  p o i n t s  s c a t t e r  a b o u t  t h e  
s t ' r a i g h t - l i n e  f o r m u l a .  

The t e s t  r e s u l t s  o f  f i g u r e s  3 7 ( c )  a n d  39 mere t a k e n  
f r o m  t h e  work done  by L i e u t e n z n t  ( J . G . )  J o s e p h  M. Murnhy, 
U . S . X . ,  a n d  C a F t a i n  J o e  X. S m i t h ,  V.S.12.G.  

D i s c u s s i o n  o f  E x n e r i m e n t a l  R e s u l t s  

---- E f f e c t i v e  w i d t h . -  _ _  The a v e r a g e  v a l u e s  o f  t h e  m e a s u r e d  
e f f e c t i v e  w i d t h  are p l o t t e d  a s  a, f u n c t i o n  of  t h e  d i m e n s i o n -  
l e s s  p a r a m e t e r  D s t / u c  as  s h o r m  i n  f i c u r e  36. T h e s e  
c u r v e s  i n d i c a t e  a marked i n c r e a s e  i n  e f f e c t i v e  w i d t h  v i t h  
a n  i n c r e a s e  i n  t h e  t o r s i o n a l  r i g i d i t y  o f  t h e  s t i f f e n e r .  
I n  g B n e r a 1 ,  t h e  b u c k l i n g  s t r e s s ,  o c ,  o f  t h e  s h e e t  n i l 1  
depe l ld  on t h e  t o r s i o n a l  r i : < i d i t y  of  t f ic  s t i f f e n e r  a n d  t h e  
m e t h o d  of a t t a c h i n g  t h e  s h e e t  tc? t h e  stiffener. The ~ l u e  
O f  uC {vas computed f o r  e a c h  s h e e t - s t i f f e n e r  c o m b i n a t i o n  
3g t h e  n e t h o d  i l l u s t r a t e d  i n  a v n e n d i x  B .  I n  v iew o f  t h e  
r e z - s n n a b l y  c l o s e  e x p e r i m e n t a l  c h e c k  o f  t h e  m e t h o d ,  i t  i s  
f e l t  t h a t  t h e  d i f f e r e n c e  i n  t h e  c f f e c t i v e - w i d t h  c u r v e s  i s  
due n o t  t o  a n  e r r o r  i n  oc but r r i t h e r  t o  a d i f f e r e n c e  i n  
wave form.  
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The r e s t r a i n i n g  moment e x e r t e d  by t h e  s t i f f e n e r  on 
t h e  sht-et  w i l l ,  i n  g e n e r a l ,  a f f e c t  t h e  wave form o f  t h e  
b u c k l e d  s h e e t .  T h i s  r e s t r a i n i n g  moment n i l 1  v a r y  i v i t h  t h e  
s t i f f e n e r  s t r e s s  a n d  t h e  s t i f f e n e r  c r o s s  s e c t i o n  f o r  i t  
Can b e  s e e n  f rom e q u c t i o n  ( 2 5 )  (ap-oendix  A )  t h t  t h p  i n -  
c l i n a t i o n  o f  t h e  s t i f f e n e r  i s  a f u n c t i o n  o f  t h e  bend.ing 
moment i n d u c c d  by t h e  s h e e t ,  t h e  s t i f f e n e r  s t r e s s ,  t h e  t o r -  
s i o n a l  r i g i d i t y ,  a n d  t h e  t o r s i o n - b e n d i n g  c o n s t a n t  o f  t h e  
s t i f f e n e r ,  

The d i f f e r e n c e  b e t c e e n  t h e  m e a s u r e d  e f f e c t i v e  w i d t h  
a n d  t h a t  c a l c u l a t e d  from e x i s t i n g  t h e o r y  i s  l a r g e l y  due 
t o  t h e  f z c t  th2-t  t h e  i n f l u e n c e  o f  t h e  s t i f f e n e r  on  t h e  
b u c k l e d  s h e e t  h a s  i r -  no c a s e  b c e n  c o r r e c t l y  c o n s i d e r e d .  
The edge e f f e c t  of t h e  s t i f f e n e r  h a s ,  i n  g e n e r a l ,  b c e n  as- 
sumed t o  be. e q u i v a l e n t  t o  n s i m p l e  s u p p o r t ,  t5a t  i s ,  no 
r e s t r a i n i n g  moment a l o n q  t h e  s t i f f e n e r .  T h i s  a s s u m p t i o n  
i s  i n c o m p a t i b l e  w i t h  t h e  r e q u i r e d  c o n d i t i o n s  o f  c o n t i n u i t y  
o f  t h e  s h e e t  a n d  s t i f f e n e r  i n c l i n a t i o n  a t  t h e  s t i f f e n e r .  

The m e z s u r e d  e f f e c t i v e  w i d t h  i n d i c z t e s  a c o n s i d e r a b l e  
d r o p  x e n r  t h e  u l t i n a t e  s t r e s s  o f  t h e  s t i f f e n e r .  T h i s  d r o p  
can  probp-bly be a c c o u n t e d  f o r  by t h e  f a c t  t h a t ,  n e a r  t h e  
f x i l i n g  l o a d ,  t h e  t o r s i o n a l  d e f l e c t i o n  o f  t h e  s t i f f e n e r  
a n d  t h e  maximum a m p l i t u d e  of t h e  b u c k l e d  s h 2 e t  m i l l  r a p i d -  
ly i n c r e a s e .  The i n c r e a s e  i n  a m p l i t u d e  i s  e v i d e n t  f r o m  
e q u a t i o n  (17), s i n c e  t h e  t e r m  c S t ,  w h i c h  i s  t h e  u n i t  de- 
f o r m a t i o n  o f  t h e  s t i f f e n c r ,  ail1 be n o n l i n e a r  beyond t h e  
p r o p o r t i o n a l  l i m i t  o f  t h e  s t i f f e n e r .  A s  t h e  u l t i m a t e  
s t r e s s  i s  a p p r o a c h e d ,  t h e  d e v i a t i o n  from a l i n e a r  v a r i a -  
t i o n  r a p i d l y  i n c r e a s e s .  The v a r i a t i o n  o f  t o r s i o n a l  de -  
f l e c t i o n  w i t h  s t i f f e n e r  s t r e s s  i s  i n d i c a t e d  i n  f i g u r e  40. 

N o  c o n s i s t e n t  v a r i a t i o n  o f  e f f e c t i v e  w i d t h  c o u l d  b e  
d e t e c t e d  w i t h  a c h a n g e  i n  p a n e l  l e n g t h .  The r r e a s u r e d  
v n l u e s  show, i n  g e n e r a l ,  a random s c a t t e r  a b o u t  n mean 
c u r v e .  

-- Maximurn a m 2 l i t u d e . -  ______ F o r  s t i f f e n e r  s t r e s s e s  ug t o  
2 7 , 0 0 0  p o u n d s  ~ e r  s q u a r e  i n c h ,  t h e  m e a s u r e d  naximum a m p l i -  
t u d e  i n d i c a t e s  a g o o d  a g r e e m e n t  w i t h  t h e  t h e o r e t i c a l  V a l -  
u e s  c a l c u l a t e d  by e q u a t i o n  ( 1 7 ) .  The c u r v e  shown i n  f i g -  
u r e  5 i s  c a l c u l a t e d  f o r  a l i n e a r  v a r i a t i o n  o f  E s t ;  h e n c e ,  
beyond t h e  g r o p o r t i o n a l  l i r i t  of t h e  s t i f f e n e r .  t h e  c u r v e  
w i l l  d e v i a t e  f r o m  m e a s u r e d  v a l u e s .  

---- Column ----_____ c u r v e s . -  A1thouS;h t h e  column c u r v e s  shomn i n  
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f i g u r e  37 a r e  n o t  i n d i c a t i v e  of  t h e  t r u e  u l t i m a t e  s t i f f e n e r  
s t r e s s ,  t h e  c u r v e s  n e v e r t h e l e s s  do shorn t h e  e f f e c t  o f  p a n e l  
lenrSth  on t h e  u l t i m a t e  s t r e s s .  The column c u r v e s  i n  t h e  
r a n g e  of  10 < L / P  < 80 i n d i c a t e  b u t  a, v e r y  small v a r i a -  
t i o n  i n  s t r e s s ,  which  i s  t o  be  e x p e c t e d ,  s i n c e  f a i l u r e  oc-  
c u r r e d  by t m i s t i n q  o f  t h e  s t i f f e n e r s .  I n  t h e  c a s e  o f  t w i s t -  
ing f a i l u r e ,  t h e  s t i f f e n e r  t e n d s  t o  r o t a t e  i n  t h e  same d i -  
r e c t i o n  as t h e  b u c k l e d  s h c e t .  T h i s  r e s u l t  nipans t h a t  t? 
s e c t i o n  o f  t h e  s t i f f e n e r  c o r r e s a o n d i n s  t o  a h a l f - w a v e  l e n g t h  
of  thne b u c k l e d  s h e e t  t e n d s  t o  t rv i s t  i n  o n e  d i r e c t i o n  a n d  an  
e d j a c c n t  s e c t i o n  o f  t h e  same l e n g t h  twists  i n  t h e  o p g o s i t e  
d i r e c t i o n .  T h i s  t y 9 e  of  f a i l u r e  s h o u l d  n o t  b e  a f f e c t e d  t o  
a n y  a p p r e c i a b l e  e x t e n t  by t h e  l e n g t h  o f  t h e  p a n e l ,  p r o v i d e d  
t h a t  t h e  l e n g t h  i s  s u c h  as  t o  f a l l  be low t l?e  E u l e r  r a n s e  o r  
a b o v e  t h e  h a l f - w a v e  l e x g t h  o f  t h e  t w i s t e d  column. 

3 u l b  a n g l e s  8477 a n d  1 0 2 6 6  f a i l e d  by c o n b i n e d  t m i s t -  
i n g .  a n d  b e n d i n g  i n  t h e  21 - inch  a n d  t h e  2 7 - i n c h  p a n e l s .  
T h i s  t y p e  o f  f a i l u r e  i s  c h a r a c t e r i z e d  by a q r a d u a l  t m i s t -  
i n q  o f  t h e  s t i f f e n e r  u n t i l  a, s t r e s s  i s  r e a c h e d  a t  w h i c h  

’ t h o  column f a i l s  by S e n d i n g .  Oninq t o  t h c  d i s t o r t i o n  of  
t h e  S t i f f e n e r  by t h e  t m i s t i n g  a c t i o n ,  t h e  s e c t i o n  p r o p e r -  
t i e s  r n a ~  chznge  i n  s u c h  a manner t h a t  t h e  s l e n d e r n e s s  r a t i o  
i s  e f f e c t i v e l y  i n c r e a s e d .  A f a i l u r e  o f  t h i s  t y p e  mzty oc-  
c u r  a t  a l o n e r  s t r e s s  t h a n  t h e  v a l u e  g i v e n  by t h e  E u l e r  
f o r m u l a ,  o r  f o r  a p u r e  t w i s t i n g  f a i l u r e .  

COBCLUSIONS 

The p r i m a r y  g u r p o s e  o f  t h e  i n v e s t i g a t i o n  m a s  t o  ob-  
t a i n  a b e t t e r  u n d e r s t a n d i n g  of t h e  b e h a v i o r  o f  s t i f f e n e d  
p a n e l s  s u c h  a s  a r e  u s e d  i n  a i r c r a f t  c o n s t r u c t i o n .  The 
s c o p e  o f  t h e  t e s t s  i s  i n s u f f i c i e n t  f o r  g e n e r a l  d e s i g n  c r i -  
t e r i a ,  gut t h e  r e s u l t s  s h o u l d  b e  o f  c o n s i d e r a b l e  v a l u e  a s  
a g u i d e  i n  d e s i g n  work a n d  i n  f u t u r e  t h e o r e t i c a l  work on 
t h i s  p rob lem.  

A n a l y t i c a l  methods  t h a t  make i t  p o s s i b l e  f o r  t h e  de- 
s i s n e r  t o  p r e d i c t  ~ i t h  r e a s o n a b l e  a c c u r a c y  t h e  b u c k l i n q  
s t r e s s  a n d  t h e  maximum-wave a m p l i t u d e  of  t h e  s h e e t  i n  
s t i f f  e n e d - p a n e l  c o m b i n a t i o n s  have  been  d e v e l o p e d .  I t  i s  
f e l t  t h a t  a c o m p l e t e  t h e o r e t i c a l  t r e a t m e n t  o f  t h e  p r o b l e m ,  
a l t h o u q h  a d m i t t e d l y  d i f f i c u l t ,  i s  n o t  e n t i r e l y  i m p o s s i b l e ,  
Such  z n  a n a l y s i s  would  s i m p l i f y  t h e  work of t h e  d e s i s n e r  
2nd e l i m i n a t e  t h e  need  f o r  many c o s t l y  t e s t s .  

Gus”; en  he i m Ae r o n  ;.,ut i c s Lab o r a t  o r y  , 
C a l i f o r n i a  I n s t i t u t e  o f  T e c h n o l o s y ,  

P a s a d e n a ,  C a l i f . ,  A p r i l  1939.  
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A P P E W D I X  A 

D i s c u s s i o n  o f  S t i f f e n e r  S t r e s s e s  

BY t h e  u s e  o f  e q u a t i o n  ( 1 7 )  as a b o u n d a r y  c o n d i t i o n  
a t  .V = 0 a n d  t h e  boundcry  c o n d i t i o n  t h a t  w = 0 a t  
B = kti7/2, t h e  c o n s t a n t s  A and 3 o f  e q u a t i o n  ( 7 )  c a n  
be e v a l u a t e d .  Under  a s s u m ~ t i o n  ( 2 ) ,  t h e  moment t r a n s -  
f e r r e d  f r o n  t h e  s h e e t  t o  t h e  s t i f f e n e r  c z n  t h e n  be e v s l u -  
n t c d .  From a c o n s i d e r a t i o n  o f  e q u i l i b r i u m  of t h e  s t i f f e n -  
e r ,  t h e  f o l l o w i n g  d i f f e r e n t i a l  e q u a t i o n  g i v i n g  t h e  f o r m  
of t h e  s t r a i n e d  column c?n b o  d e r i v e d :  

where  E 

I f  t h e  v a l u e  

i s  Y o u c g f s  n o d u l u s .  

t o r s i o n  b e n d i n g  c o n s t a n t  ( r e f e r e n c e s  1 t o  5 1. 

a x i a l  c o n > r e s s i v e  s t r e s s  i n  s t i f f e n e r .  0 

- 

p o l a r  moment o f  i n e r t i a  a b o u t  a x i s  o f  t t v i s t .  

t o r s i o n a l  r i g i d i t y  of  s t i f f e n e r .  

monent t r a n s f e r i - e d  by b u c k l e d  s h e e t  t o  s t i f -  
f c n e r .  

t o r s i o n a l  d e f l e c t i o n  c f  s t i f f e n e r .  

of  m,, i s  known a n d  t h e  e n d  e f f e c t s  a r e  neg- 
l e c t e d ,  t h e  i n c l i n a t i o n  p can  be c a l c u l a t e d  by means o f  
e q u a t i o n  ( 2 5 ) .  T h i s  v a l u e  o f  cp can be  compared w i t h  a 
v a l u e  of cp c a l c u l a t e d  f r o m  t h e  a s s u m p t i o n s  t h a t :  

(1) A f t e r  b u c k l i n g ,  D = D~ = c o n s t a n t  a t  y = 0.  

( 2 )  The wave form d o e s  n o t  c h a n s e .  

I n  o r d e r  t o  s i m - n l i f y  t h e  c a l c u l a t i o n s .  i t  was assumed t h a t  
~ a s t i f f e n e r  as shown i n  f i q u r e  40 i s  a t t a c h e d  t o  a s h e e t  

h a v i n g  :?. t h i c k n e s s  o f  Q.340 i n c h .  The s t i f f e n e r  s p a c i n g  
mr,s assumed t o  be 5 i n c h e s  a n d  t h e  a x i s  o f  twis t  t o  be a t  
t h e  n o s i t i o n  i n d i c a t e d .  
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I f  t h e  a s s u m p t i o n s  (I) a n d  ( 2 )  a r e  c o m p a t i b l e  w i t h  t h e  
s t i f f e n e r  p r o p e r t i e s ,  t h e  t m o  c a l c u l a t e d  s l o p e s  s h o u l d  co- 
i n c i d e .  From a n  e x a m i n a t i o n  of  f i ~ u r e  4 0 ,  i t  can  be s e e n  
t h a t  a f a i r l y  good a g r e e m e n t  i s  o b t a i n e d  f o r  s t i f f e n e r  
s t r e s s e s  u p  t o  2 0 , 0 0 0  pounds  p e r  s q u a r e  i n c h .  Beyond t h i s  
v a l u e  of ox, t h e  d e v i a t i o n  i n c r e a s e s  r a p i d l y  w i t h  a n  i n -  
c r e a s e  i n  a,. I t  n a y  t h e r e f o r e  b e  c o n c l u d e d  t h a t  e i t h e r  
a s s u m p t i o n  (1) o r  ( 2 )  o r  b o t h  a r e  i n v a l i d ,  e s p e c i a l l y  for 
h i g h  s t i f f e n e r  s t r e s s e s .  I n  view of t h e  5 o o d  a s r e e m e n t  
o b t a i n e d  f o r  t h e  t h e o r e t i c a l l y  c a l c u l a t e d  maximum a m p l i -  
t u d e  a n d  t h e  e x p e r i m e n t a l  v a l u e s ,  i t  i s  f e l t  t h a t  assump- 
t i o n  (2) i s  c h i e f l y  r e s p o n s i b l e  f o r  t h e  d i s c r e p a n c y .  A 
f u r t h e r  r e f i n e m e n t  i n  t h e  analysis i s  t h u s  n e c e s s a r y  a n d  
s h o u l d  be c a r r i e d  o u t .  

$ 

i t  s h o u l d  be n o t e d  t h a t  e q u a t i o n  ( 2 5 )  d e s c r i b e s  o n l y  
t h e  c a s e  i n  w h i c h  f a i l u r e  t a k e s  p l a c e  by t w i s t i n g  o f  t h e  
co lumn.  The e x p e r i m e n t a l  o b s e r v a t i o n s  h a v e  i n d i c a t e d  t h a t ,  
f o r  p a n e l  l e n g t h s  n e a r  o r  i n  t h e  E u l e r  r a n g e ,  t h e  s t i f f e n -  
e r  may f a i l  by combined t r v i s t i n g  a n d  b e n d i n g .  T h i s  c a s e  
i s  a n  i m p o r t a n t  one b e c a u s e  t h e  c r i t i c a l  s t r e s s  w i l l ,  i n  
g e n e r a l ,  be  l o w e r  t h a n  t h a t  g i v e n  by e i t h e r  t h e  E u l e r  f o r -  
mula o r  by a f o r m u l a  d e r i v e d  f o r  a p u r e  t w i s t i n s  f a i l u r e .  

A t h e o r y  t h a t  d e s c r i b e s  t h i s  t y p e  o f  f a i l u r e  as  w e l l  
a s  t h a t  f o r  p u r e  t w i s t i n g  s h o u l d  be o f  c o n s i d e r a b l e  impor-  
t a n c e  i n  a i r p l a n e  d e s i g n  a n d  t h e r e f o r e  d e s e r v e s  an  e x t e n -  
s i v e  i n v e s t i g a t i o n .  

APPENDIX B 

E x p e r i m e n t a l  Check of t h e  T h e o r e t i c a l  

Buckl ine;  S t r e s s  o f  t h e  S h e e t  

I t  mas d e s i r e d  t o  o b t a i n  an e x p e r i m e n t . a l  v e r i f i c a t i o n  
o f  t h e  t h e o r e t i c a l  c a l c u l a t i o n s  o f  t h e  b u c k l i n g  s t r e s s  of 
t h e  s h e e t  f o r  d i f f e r e n t  v a l u e s  o f  v .  S i n c e  p was r e l a -  
t i v e l y  small f o r  a l l  t h e  b u l b  a n g l e s  t e s t e d ,  i t  mas n e c -  
e s s a r y  t o  d e s i g n  a p a n e l  h a v i n g  a l a r s e r  v a l u e  o f  p; t h a t  
i s ,  a v a l u e  t h a t  more c l o s e l y  a p y r o a c h e d  a s i m p l y  s u p p o r t -  
e d  e d g e  c o n d i t i o n .  A s t i f f e n e d  p a n e l  was d e s i s n e d  i n  
w h i c h  t h e  s t i f f e n e r s  c o n s i s t e d  o f  bent -up  a n g l e  s e c t i o n s ,  
0 .051 by 3/4 by 3/4 i n c h ,  r i v e t e d  t o  a n  0 .064- inch  s h e e t .  
The p a n e l  was e s s e n t i a l l y  o f  t h e  same t y p e  as t h e  b u l b -  
a n q l e  p a n e l s  w i t h  t h e  e x c e p t i o n  t h a t  t h e  a n g l e s  w e r e  r i v -  
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e t e d  o n  e a c h  s i d e  o f  t h e  p a n e l ,  i . e . ,  b a c k  t o  back .  T h r e e  
c h e c k  p a n e l s  d e s i g n a t e d  p a n e l s  A ,  B ,  a n d  C o f  t h i s  d e s i g n  
were  t e s t e d  a n d  t h e i r  d i m e n s i o n s  a n d  p r o n c r t i e s  a r e  < i v e n  
i n  t e b l e  I X .  F i g u r e  41  shows t e s t  spec imen  A .  

I n  o r d e r  t o  d e t e r m i n e  t h e  b u c k l i n g  s t r e s s ,  wave r e c -  
o r d s  were v a d e  midway be tween  s t i f f e n e r s  a t  v a r i o u s  l o a d  
i n c r e m e n t s .  From t h e s e  wave r e c o r d s ,  i t  was p o s s i b l e  t o  
o b t a i n  f o / h .  A c o n v e n i e n t  method of  d e t e r m i n i n 5  t h e  buck-  
l i n g  s t r e s s  i s  t o  w r i t e  t h e  f o l l 0 : v i n g  f u n c t i o n a l  r e l a t i o n -  
s h i p  f o r  P ,  t h e  e p p l i e d  load, a n d  f o / h .  

S i n c e  P i s  i n d e p e n d e n t  o f  t h e  d i r e c t i o n  i n  w h i c h  
t h e  s h e e t  b u c k l e s ,  T r i t e :  

P = even  f u n c t i o n  o f  fo /A 

Then,  by  a T a y l o r ' s  e x p a n s i o n ,  

2 I I  I f  4 
( f o / h )  + . . P = Po + -- ( f o / h )  + --- P " 

2! 4 !  

P u t t i n g  

w r i t  e 

I f  u i s  p l o t t e d  as a f u n c t i o n  o f  P ,  t h e  r e s u l t i n g  
c u r v e  w i l l  be v e r y  c l o s e  t o  a s t r a i g h t  l i n e  f o r  s m a l l  v a l -  
u e s  o f  p ,  a n d  Po w i l l  c o r r e s p o n d  t o  t h e  b u c k l i n q  l o z d .  

The < e n e r a l i t y  o f  t h e  f o r e g o i n g  d i s c u s s i o n  i s  u n a l -  
t e r e d  i f  P i s  d i v i d e d  by t h s  c r o s s - s e c t i o n a l  a r e a  A o f  
t h e  p a n e l .  A p l o t  o f  ( f o / A )  a s  a f u n c t i o n  o f  P /A,  
for t h e  n a n e l s  d e s c r i b e d  a n d  f o r  y a r , e l s  o f  13.043-inch s h e e t  
w i t h  bulb a n q l e  1 0 2 6 5 ,  i s  shown i n  f i r u r e  4 2 .  The buck- 
l i n g  s t r e s s e s  i n d i c a t e d  3y t h e s e  c u r v e s  a r e  8 , 0 0 3  a n d  3 , 9 3 0  
pounds  p e r  s q u a r e  i n c h ,  r e s p e c t i v e l y .  

The t o r s i o n a l  r i g i d i t y  o f  t h e  2.nqle s e c t i o n  u s e d  i n  
q n n e l s  A ,  > , . a n d  C i s ,  f r o n  figure 3 8 ,  

2 = ?dT/Ct3 = 250 Dound- inches"  

c 

c 
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S i n c e  t h e  s h e e t  w a s  s t i f f e n e d  by t w o  a n g l e s ,  t h g  t o r s i o n a l  
r i J ; i d i t y  o f  t h e  c o m b i n a t i o n  i s  500  F o u n d - i n c h e s  . 

7 Assuming E = 1 0  pounds  p e r  s q u a r e  i n c h ,  1) = 0.3,  
t h e n ,  f o r  b = 5 i n c h e s  a n d  a/% = 3 . 2 ,  

2 .4  p = -  = bD % E t 3  
c 1 2 ( 1  - v 2 ) C  

A s  h a s  been  n o i n t e d  o u t ,  o n l y  h a l f  of  t h i s  v a l u e  o f  
C s h o u l d  be u s e d  f o r  t h e  c a s e  i n  which  t h e  s h e e t  e x t e n d s  
on b o t h  s i d e s  o f  t h e  p a n e l ;  h e n c e ,  t h e  e f f e c t i v e  v a l u e  o f  
p i s  4 .8 .  

From t h e  c u r v e s  o f  f i g u r e  3 ,  t h e  v a l u e  o f  c o r r e -  
s p o n d i n g  t o  p = 4 . 8  i s  6 . 0 7 .  Hence 

2 2  
0 = ---*-E ____ = 7 , 1 0 0  pounds  p e r  s q u a r e  i n c h  C 

12(1 - v2)b 

F o r  t h e  0.04O-inch s h e e t  a n d  b u l b  a n g l e  1 0 2 6 5 ,  t h e  e f f e c -  
t i v e  v a l u e  o f  I-L = 0.636, t h e  c o r r e s p o n d i n g  v a l u e  o f  
\1/ = 7 . 8 3 ,  a n d  t h e  b u c k l i n ?  s t r e s s  = 3 , 6 2 0  Founds  p e r  
square i n c h .  

I t  f o l l o w s  f r o m  t h e  d e f i n i t i o n  o f  \1/ t h a t  t h e  s t i f f -  
n e s s  o f  t h e  s t i f f e n e r s  h a s  i n c r e a s e d  t h e  b u c k l i n g  s t r e s s  
o f  t h e  3 .064- inch  s h e e t  by 20  p e r c e n t  a n d  t h e  0 , 0 4 0 - i n c h  
s h e e t  by 55.5 p e r c e n t  s i n c e  

= 1.20 
0.064 

a n d  

The c a l c u l a t e d  buckl inc ;  s t r e s s e s  a r e ,  i n  b o t h  c a s e s ,  
lower t h a n  t h e  g i v e n  m e a s u r e d  v a l u e s .  The d i s c r e p a n c y  c a n  
be  e x p l a i n e d  by  t h e  f a c t  t h a t ,  i n  t h e  t e s t  r a n e l ,  l o n g i t u -  
dinal w a r p i n g  o f  t h e  end  c r o s s  s e c t i o n  o f  t h e  s t i f f e n e r  i s  
p r e v e n t e d ,  r e s u l t i n y  i n  a nonun i fo rm t w i s t .  I n  t h e  c a s e  o f  
n o n u n i f o r m  t n i s t i n ? ,  p a r t  o f  t h e  t o r q u e  i s  r e s i s t e d  by  3end-  
i n ?  o f  t h e  f l a n g e s  a n d  - ; i ves  e f f e c t i v e l y  a h i = h e r  t o r s i o n a l  
r i s i d i t y  of  t h e  s t i f f e n e r .  
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I t  i s  f e l t  t h a t ,  I n  t h e  d e s c r i b e d  t o r s i o n  e x p e r i E e n t s ,  
l o n < i t u d i n a l  w a r p i n g  was o n l y  p a r t l y  p r e v e n t e d .  H e n c e ,  t h e  
t o r s i o n  c o n s t a n t s  o b t a i n e d  f r o m  t h e s e  t e s t s  would b e  l o w e r  
t h a n  t h e  v a l u e s  r e a l i z e d  i n  t h e  p a n e l  t e s t s .  
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Toreional 
r i g i d i t y  
inch -pound 

(rad1 ane -Inch) 

32 

10380 
10000 
10000 
10080 
10480 

T A B U  I 

St i f fener  Propertlea 

(Nominal dimenelone used i n  caloulatlonr;  s t rength propertiea obtained from 
2-1/2-inch epeclmene) 

919.6 
2332 
6500 
2045 

250 

~~ 

Ultimate 
s t rength In  
compreselon 
(lb./sq.in.) 

Bulb 
angle 

Sheet Total  U l t  i - 
area  area mate 

Bulb 
angle 

10265 
8478 
8477 
8476 

106 

1.133 
1.148 
1.137 

Area 

( eq . in. 

0.0900 
.1680 
.2669 
.1483 
.0684 

35250 
35150 
34100 

I x x  

. ( i d )  
~~ ~~ 

0.0094 
30281 
.0398 
.0474 
.00442 

1.134 

1.148 
1,149 

1.145 

I Y Y  

( in. 4) 

3.00113 
.00877 
.O 1627 
,00333 
.00443 

34650 

93800 
33625 

34585 

1.167 
1.149 
1.157 
1.154 
1.150 

34765 
33125 
32B50 
30175 
30350 

1.339 
1.349 
1.338 

1.376 
1.353 

1.345 

1.386 
1.386 

1.390 
1.386 

1.358 

38350 
39425 
36725 

40000 
38725 

36900 

38800 
38680 

38250 
38100 

35550 

.7800 
,7893 ,. 7893 
,7941 
.7980 
,7704 

.573 

.597 
,597 
.592 
.592 
.588 

39300 
38800 
42400 

30000 
49100 

TABLE I11 

Panel Smoimene with Bulb Angle 8477 

'anel 
length 

:in. 1 

3heet 

neee 
(in. 1 

thick- 
Average 

a t r e r e  

( l b  . /sq . in. =a , 
LIP  

- 

9.91 
10.1 
20.5 
20.5 
30.7 
30.8 
41.0 
41.0 
53.8 
53.9 
56.7 
56.7 - 

9.9'; 
9.9: 

20.4 
20.6 
30.7 
30.8 
0 1 . 1  
0 1 . 1  
54.1 
54.0 
59.9 

P area 
[sq. in. ) 1 (eq. in.. I (sq. in. )I 

keet 

31100 
30630 
30000 
30550 
30 120 
29600 
29300 
29800 
28850 
27900 
26120 
26380 

3 s t i f f  

). 7704 
7749 

.7743 

.7695 

.7755 

.7689 

.7893 

.7704 

.7725. 

.7719 
,7746- 

.7933 

ner pane 

0.363 
.373 
.363 
.364 
.369 
.373 
.360 
.375 
.379 
.384 
,382 
.375 

48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 

3.88 
3.94 
7.97 
7.97 

11.94 
L1.97 
15.94 
15.94. 
10.94 
10.97- 
16.94- 
16.94 

1.0242 
.0249 
.0242 
.0243 

.0249 
,0240 
,0250 
.0253 
.0256 
.0255 
.0250 

. o a ~  

3.389 
; 389 
.389 
.389 
.389 
.389 
389 

.389 
389 

.389 

.389 

.389 
- 

3.388 
.388 
.387 
,387 
,388 
.388 
,388 
.388 
.387 
.388 
.385 

leet 

28650 
29230 
27500 
27420 
29100 
28630 
28000 
27900 
27500 
27510 
26800 

3 s t i f f e n e r  pane 

).7635 0.575 
.7788 I .570 
.7590 .ti79 

60 
61 
62 
63 
64 
65 
66 
67 
68 
69 
70 

3.87 
3.86 
7.91 
7.97 
11.91 
11.97 
15.94 
15.94 
!O. 94 
10.94 
!6.91 

1.0383 
.0380 
.0386 
.0390 
.0388 
,0382 
.0398 
.0398 
,0395 
.0395 
.0392 

.7596 .585 

.7941 I .582 
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13820 
13560 
12800 
12760 
13000 
12350 
12500 
12140 
12690 
12100 
11800 
12200 

33 

20800 
20640 
19780 
19730 
20130 
19240 
19090 
19130 
19280 
18620 
17990 
18370 

0.382 
,378 
.369 
.368 
.366 
.362 
.375 
.360 
.375 
,369 
.375 
.384 

0.665 
.657 
.647 
,646 
.646 
,642- 
.655 
.635 
.658 
.650 
.656 
.664 

12400 
13200 
12220' 
12030 

21600 
23000 
21370 
20740 

1.114 
1.115 
1.128 

20825 
20525 
20000 

TABLE I1 
Panel Specimens with Bulb Angle 10265 

Bulb 
angle 
area 
eq . in . )  

Sheet I T;;;; 
area 

J l t i -  
aat e 
load 
(Ib.1 

Average 
etreee 

=a 
( lb. /as. in. ) 

Pane 1 
length 

( i n .  1 

Lheet 

,nee6 
in.  1 

;hick- 'anel P 
I 

(eq. in.1)  (sq. in.1 

3 e t i f  

0.283 
,279 
.a78 
.278 
.a80 
.as0 
.280 
.275 
,283 
.281 
,281 
.280 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 

3.75 
3.78 
7.94 
7.94 

11.97 
11.97 
15.94 
15.94 
20.94 
20.94 
26.94 
26.94 

). 0255 
.0252 
.0246 
.0245 
.0244 
.0241 
.0250 
.0240 
.0250 
.0246 
.0250 
.0256 

0.302 
,302 
.331 
.331 
.331 
.331 
.331 
-331 
.331 
.331 
,331 
.331 

11.32 
11.42 
24.0 
24.0 
36.2 
36.2 
48.2 
48.2 
53.3 
33.3 
31.5 
31.5 

mer oan'ele: 0.04 2 e t i f  
0.189 

.189 

.186 

.191 

.191 

.193 

.193 

.194 

.194 

.186 

.187 
,186 

3 e t l f  
0.280 

.282 

.279 

.282 

.a81 

.274 

.276 

.279 

.284 

.280 

.275 

4 stif 
0.377 

.383 

.376 
,386 
.387 
.374 
,368 
.3692 
.3716 
.3728 
.3724 

.it15 

13 
14 
15 
16 
17 
18 
19 
20 
21  
22 
23 
24 
25 

~ 

26 
27 
28 
29 
30 
31  
32 
33 
34 
35 
36 

3.91 
3.91 
3.94 
7.94 
7.98 

11.97 
12.0 
15.97 
15.94 
20.05 
20.94 
26.97 
26.94 

). 0385 
.0385 
.0386 
.0389 
.0387 
.0390 
.0390 
.0380 
.6375 
.0391 
.0385 
.0390 
.0390 

0.325 
.328 
.325 
.322 
.324 
.322 
.326 
.327 
.327 
.319 
.318 
.318 

12.0 

12.1 
24.7 
24.6 
37.1 
39.1 
48.8 
48.7 
35.6 
65.8 
B4.7 

11. sa 
0.385 

.385 

.386 

.389 

.387 

.390 

.390 

.380 

.375 

.391 

.385 

.390 
,390 

mer oa: 
0.573 

.595 

.586 

.585 

.576 

.592 

.584 

.588 

.582 

.573 

.575 

ener pan 
0.740 

.744 

.756 

.760 
,762 
.776 
.764 
.746 
.742 
,742 
.756 

0.574 
.574 
.572 
.580 
.578 
,583 
.583 
.574 
.569 
.577 
.570 
.577 
.E 

l e ;  0.04 
0.853 

.E77 

.E67 

.E67 

.E57 

.E66 

.E60 

.E67 

.E66 

.853 

.E50 

le;  0.04 
1.117 

12225 12275 I 21000 21250 
12625 
12800 
12520 
11150 
10735 

1750 

21670 
223 10 
22020 
193 10 
18820 
18620 

iheet 
22300 
20100 
20000 
19520 
19830 
19670 
19420 
17750 
19760 
1846 0 
18830 

-inch 
18995 
17625 
17350 
16925 
17000 
17020 
16700 
15390 
17 100 
15740 
16000 

inch  

3.72 
7.97 
7.94 

11.97 
11.97 
15.97 
15.94 
20.87 
20.87 
26.94 
26.94 

1.0382 
.0397 
.0391 
.0390 
.0384 
,0395 

' .0389 
.0392 
.0388 
.0382 
.0383 

0.327 
.326 
.327 
.325 
.326 
.330 
.323 
.318 
.325 
.320 
.321 

11.4 

24.3 
36.8 
36.7 
48.4 
49.4 
65.6 
64.2 
84.1 
83.9 

a4.4 

;he& 
21590 
20820 
20130 
20530 
20640 
19020 
19420 
18780 
18700 
18400 
17760 

37 
38 
39 
40 
4 1  
42 
43 
44 
45 
46 
47 ___ 

3.94 
7.87 
7.95 

11.97 
11.90 
15.94 
15.94 
20.87 
20.91 
26.94 
26.84 

24075 
23425 
22820 
22900 
23700 
21875 
22000 
20930 

0.32 
.326 
.3247 
.322 
,326 
.3265 
.3265 
.3234 
.3226 
.3210 
.3190 

12.3; 
24.12 
24.5C 
37.15 
36.5C 
50.4C 
50.4C 
66.5C 
64.8C 
83.9C 
84.4C - 

1.0370 
.0372 
.OR78 
.0380 
.0381 
.0388 
.0382 
.0373 
.0371 
.0371 
.0378 

1.127 
1.132 
1.146 
1.149 
1.150 
1.132 
1.115 



w 

).0253 
.0253 
.0252 
.0250 
.0245 
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0.4707 
.4710 
.4698 
,4698 
.4680 

34 

10570 
10325 
10000 
10400 
9985 
8535 

TABLE IV 
Panel Bpecimene with Bulb Angle 8478 

23920 
23400 
22660 
23550 
22600 
19300 

130 
131 
132 
133 
134 
135 

2.94 
5.38 

11.0 
16.32 
22.38 
27.5 

0.4836 
.4836 
,4835 

.4836 
,4836 

.4836 

0.400 
.400 
.400 

-400 
.400 

-400 

Pane 1 
Ledgth 

( in .  1 

3heet I Bulb I Sheet I Total 
thick- angle a rea  area 

hereg e 
e t reee  

=a 
(lb./rq.in.l  

U l t  i- 
mate 
load 
(1b.l 

LIP 

9.37 
9.30 

19.3 
19.3 
29.1 
29. I 
38.8 
38.8 
51.0 
51.3 
65.5 
65.6 

- 
9.80 

19.4 
19.4 
29.3 
29.6 
39.8 
39.2 
51.8 
52.9 
67.5 
67.0 

P 

0 .411  
.411 
.41a 
.41a 
.411 
.411 

.411 

.410 

.408 

.410 

.410 

-411 

- 
0.403 

.408 

.409 

.405 

.404 

.400 

.404 

.403 

.395 

.399 

.401 

I I I 
I 

3 s t i f f e n e r  panelei; 0.0: 
I I 

- inoh 

20680 
20590 
197 10 
19300 
18480 
190 10 
19800 
19600 
18700 
17200 
18700 
18400 

-in& 

24500 
22090 
23800 
23900 
22590 
224m 
20950 
23 100 
23175 
20675 
21240 
21540 

rheet 

24320 
2 4 a  
23240 
82850 
22 130 
2 1600 
2 1900 

20810 
19110 
21060 
20810 

28200 

rheet 

23020 
20930 
22120 

21390 
21110 
20080 
21100 
21000 
18690 
19750 Born 

aa390 

7 1  
72 
73 
74 
75 

7: 
78 
79 
80 
81 
82 - 

83 
84 
85 
86 
87 
88 
89 
90 
91  
92 
93 
94 - 

0.379 0.850 
.379 1 .850 
.378 .E48 

3.85 
3.82 
7.94 
7.94 

11.94 
11.94 
15.91 
15.91 
20.94 
20.97 
26.87 
26.91 

3.75 
3.95 
7.94 
7.94 

11.85 
11.94 
15.94 
15.87 
20.91 
20.87 
26.94 
26.87 

.845 
*375 .367 I ,835 

.381 

.384 
,378 
.373 

le; 0.04 

1.063 
1.054 
1.077 
1.069 
1.057 
1.062 
1.044 
1.095 
1.104 
1.107 
1.076 
1.066 

3 etiff  'ener par 

0.577 
.570 
.586 
.585 
.570 
.588 
.562 
.592 
.585 
.588 
.573 
,590 

TABLE VI 

Panel Specimens with Bulb Angle 10266 
1 Bulb I Sheet I Total  I U l t i -  I Aoeraue 3heet 

ness 
( in . )  

thiok- 

1.080 . 020 
.020 
.020 .om 
.020 

1.020 . 020 . 020 .om . 020 
.020 

P 

0.365 
,365 
.365 
.365 
.365 
,365 

( i n .  1 
I I I I 

2 s t i f f e n e r  panels; 0.020-inch eheert 

0.2418 
.a418 
.a418 
.a418 
.a418 
.a418 

0. BO . 20 
.20 . 20 . 20 . BO 

0.442 
.442 
.442 

.442 
-442 

.443 

8.06 
14.76 
30.2 
44.8 

1 I ! I 

3 e t i f k n e r  panble; O.O& -in& '.he& 

0.3627 
.3627 
-3687 

22840 
23700 

14900 22500 

0.365 
.365 
.365 
.365 
.365 
.365 

0.365 
.365 
.365 
,365 
.365 
,365 

7.90 
14.48 
30.2 
44.9 
61.4 
75.8 

.300 .663 . . ~ .  

.3627 -300 .663 15720 23740 
,3627 137 10 20700 
.3627 1 :ig I :xxx 1 122001 18410 

11 14.67 

4 s t i f f e n e r  panble; 0.020-inoh'sheet 
I I I I 

0.884 
.E84 
.E84 
.884 
.884 
.E84 

24100 
22650 
21400 
22400 

18570 
a iaao 

142 
143 

21300 
20025 
18900 
19800 
18750 
16400 

2.88 
5.35 

11.34 
16.44 
22.38 
27.63 

3.020 .om 
.020 
,020 
.020 
.020 

:;:; I 
61.4 

144 
145 
146 
147 - 75.8 J 



.a96 

.300 

.300 

.a98 

.292 

,400 
.410 
.410 
.400 
,430 
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T A B U  V 

Panel Bpecimene with Bulb Ai ,le 8476 

Aver s  e 
s t r e s e  

Panel 
length 

(in. 1 

lheet 

ness 
in. ). 

;hick- 
Sheet 

'anel P 

0.563 
.563 
.563 
.563 
.563 
.563 
,563 
.562 
.562 
.565 
.565 

*a 
lb. /eq. in. 1 
#beet 

20630 
223 1C 
18780 
193 10 
18980 
17900 
18240 
17280 
17280 
17300 
17200 

2 e t i f i e n e r  pan 

0.296 0.390 . 292 1 .420 . 293 ,390 

-inch 

14150 
15875 
12800 
13900 
13175 
12600 
12700 
12280 
13275 
12075. 
12405 

le; 0.04 

0.686 
.712 
.688 
.720 
.694 
.704 
.696 
.7 10 
.7 10 
.698 
.722 

95 
96 
97 
98 
99 

100 
10 1 
loa 
103 
104 
105 

4 
4 
8 
12 
12 
16 
16 
20.87 
20.87 
27 
27 

1.039 
,042 
.039 
.042 
.039 
.040 
.040 
.041 
.041 
.040 
.043 

7.1 
7.1 

14.2 
21.3 
21.3 
28.4 
28.4 
37.2 

47.8 
47.8 

37.a 

,300 .420 
.304 1 .390 
,304 .400 

-i noh 

82100 
22850 
20670 

18950 
19875 
18050 
17820 
17 100 
17 100 
17 100 
16800 

a0225 

iheet 

20730 
2 1600 
19260 
18870 
18 100 
18530 
17430 
17230 
16300 
16380 
16210 
16410 

3 e t i i f e n e r  panels; 0.04 

0.450 
.444 
.444 
.444 
.444 
.456 
.450 
.450 
.444 
.444 
.450 
.453 

106 
107 
108 
109 
110 
111 
112 
113 
114 
115 
116 
117 - 

118 
119 
120 
13 1 
122 
123 
124 
125 
126 
127 
128 
129 - 

).041 
.041 
.042 
.042 
.040 
.041 
.039 
.039 
.om 
.om 
.040 
.038 

~ 

1.042 
.042 
.041 
.om 
.042 
.041 

.042 

.041 

.039 

.040 

.041 

.om 

- 

0.563 
.563 
.563 
.563 
.563 
.563 
-563 
.563 
.565 
-565 
.562 
.565 

7.1 
7.1 

14.2 
14.a 

a8.4 

37. a 

21.3 
21.3 

28.4 
37.2 

47.8 
47.8 - 

7.1 
7.1 

14.2 
14.2 
21.3 
21.3 
28.4 
28.4 
37.2 
37.2 
47.8 
47.8 

4 
4 
8 
8 
12 
12 
16 
16 
21 
21 
26.87 
27.00 

4 
4 
8 
8 

12 
12 
16 
16 
21 
21 
27 
27 

-inoh 

29000 
29450 
25670 
24725 
25000 
23975 
25000 
24450 
23800 
23080 
m o o  
23100 

iheet 

20250 

18 180 
17740 
17370 
16780 
17370 
17030 
168 10 
16800 
15720 
16250 

a0450 

4 s t i f f e n e r  panele; 0.04 

0.59a 
.600 
.592 
,592 
.600 
.612 
.600 
.596 
.596 
.592 
.600 
-600 

1.432 
1.440 
I .  412 
1.392 
1.440 
1.432 
1.440 
l i  436 
I. 416 

1.400 
1.420 

i.37a 

0.583 
.563 
.563 
.563 
.563 
.563 
.563 
.563 
.565 
.565 
.565 
,565 

0.840 
.840 
.820 
.800 
,840 
,820 
.840 
.E40 
.e20 
.780 
.800 
.a20 
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0.32 
* 32 
-32 
.32 
.32 
.32 

36 

0.449 
.449 
.449 
.449 
.449 
.449 

1 -inch 'eheet 

TABLE VI1 

Panel Bpecimens w i t h  Bulb A n g l e  10282 

'ane 1 
Length 

(in. 1 

Bulb I Sheet I Total  I u i t i - r  Avercne lheet 

ness 
in. 1 
hick- 

0.02 . 02 . 02 
; 02 
.02 . 02 

P 

mer panels; 0.020-inoh eheet 
I I I 

2 e t i f  

o.la94 . la94 
.la94 . la94 . la94 
.1294 

148 
149 
150 
15 1 
152 
153 

3.0 
5.5 

11.0 
16.5 
22.0 
27.5 

0.16 
.16 

16 
' .18 

.16 

.16 

0.289 
.a89 
.289 
.a89 
.a89 
.a89 

6250 
6550 
53 10 
6170 
6160 
5040 

21600 
22640 
18350 
2 1300 
21300 
17400 

0.278 
,878 
,278 
.a78 
.a78 
,278 

10.9 
19.8 
39.6 
59.4 
79.2 
98.2 

I I I 

2 e t i f  

0.1294 
.la94 
.la94 
.1294 
. la92 
.1294 

-in& ,eheet 

9460 
11080 
9 150 

10080 
11150 
9830 

21050 
24700 
20360 
22470 
24800 
81900 

154 
155 
156 
157 
158 
159 

3.0 
5.5 

11.0 
16.5 
22.0 
27.5 

0.332 
.332 
.332 
.332 
.332 
.332 

9.04 
16.6 
33.2 
49.7 
66.3 
82.4 

0.04 
.04 
.04 
.04 
.04 
.04 

0.02 
.02 
.oa 
.02 
.02 
.oa 

0.04 
.04 
.04 
.04 
.04 
.04 

3 e t i f  

0.1941 
.1941 
.1941 
.1941 
.1941 
.1941 

7860 
9330 
7675 
8915 
7602 
6650 

18 100 
21630 
17680 

0. 24 . 24 
.24 
.24 
.24 
24 

0.432 
.434 
.434 
.434 
.434 
.434 

160 
16 1 
162 
163 
164 
165 

3.0 
5.5 

11.0 
16.5 
22 1 
27.5 

0.278 
.a78 
.a78 
.a78 
.a78 
.a78 

10.9 
19.8 
39.5 
59.4 
79.2. 
98.2 - 

9.0' 
16.6 
33.2 
49.7 
66.3 
82.4 - 

10.9 
19.8 
39.6 
59.4 
79.2 
98.2 

20530 
17500 
15320 

3 e t i f  

0.1941 
.1941 
.1941 
.1941 
.1941 
.1941 

mer pan 

0.48 
.48 
.48 
48 

.48 

.48 

1s; 0.01 

0.674 
.674 
.674 
.674 
.674 
.674 

1-inoh 

16170 
12290 
12870 
14012 
14938 
12240 

-in& 

11855 
11450 
8720 

11390 
9985 
88 10 

iheet 

23970 
18230 
19090 
20780 
22160 
18 E O  

iheet 

20500 
19780 
15060 
19670 
17 260 
15220 

166 
167 
168 
169 
170 
17 1 

3.0 
5.5 

11.0 
16.5 
22.0 
27.5 

3.0 
5.5 

11.0 
16.5 
22.0 
27.5 

0.332 
.332 
.332 
.332 
.332 
.332 

0.278 
.a78 
.a78 
.a78 
.a78 
.a78 

4 Etif  

0.2588 
.a588 
.a588 
.a588 
.2588 
.a588 

mer pan 

0.32 
.32 

.32 

.32 

.32 

32 

Le; 0.0; 

0.5788 
.5788 
.5?88 
.5788 
.5788 
.5788 

172 
173 
174 
175 
176 
17 7 
- 

178 
179 
180 
18 1 
182 
183 - 

0.02 . 02 . 02 
.02 . oa . 02 

0.04 
.04 
.04 
.04 
.04 
.04 

4 e t i f  

0.2588 
.a588 
.a588 
.2588 
.a588 
.a588 

mer pan 

0.64 
.64 
.64 
.64 
-64 
.64 

Le; 0.ot 

0.8988 
.8988 
.E988 
.8988 
.8988 
.8988 

1-inch 

18200 
20230 
17 120 
18590 
17938 
14825 

iheet 

20250 
22500 
19050 

19960 
16500 

a0670 

0.333 
.332 
.332 
.332 
.332 
.332 

9.04 
16.6 
33.2 
49.7 
66.3 
82.4 

3.0 
5.5 

11.0 
16.5 
22.0 
27.5 



Bulb- 
angle 
s p e c -  
imen 

10265 
----_ 

L e n g t h  
L 

( i n . )  

N . A . C . A .  T e c h n i c a l  Noto No. 752 

L/ P 

TABLE V I I X  

Pin-End Tests - S t i f f e n e r s  w i t h o u t  S h e e t  

_----___ 
24.24 
18.73 
13.21 

7 . 6 2  

24.24 
18.73 
13.21 
7.62 

.--- 

.------- 

A r e a  

162.4 
125.7 
88.7 
51.1 

106.2 
82.1 
57.9 
33.4 

- --_--- 

_______ 

( s q . i n .  

0.0931 
_I------. 

3046 1 0.1252 

12224 0.1709 

+------- ---I---_ 

24.24 
18.73 

7.62 

24.24 
18.73 
13.21 
'7.62 

13.21 

--___ --_ 

212 
164 
115.5 
66.6 

111.2 
85.9 
60.6 
35.3 

-__- -_ 

24.24 1100.2 

------ 
U l t i -  
m a t e  
load 
(I%.) ------ 
196 
335 
615 
1540 

147 
210 
410 
1025 

294 
405 
700 
1945 

2230 
3495 
6040 
3605 

820 
1180 
2320 
5840 

2703 
4310 
7365 
10370 

590 
875 
1570 
4020 

1490 
2275 
3875 
5770 

------- 

- -- - - .- 

-----_ 

------ 

. - -, - 

- --- 

37 

2 345 
3240 
5600 
15520 

9030 
14140 
24450 
38900 

. ----- - _- - -_ -. _- 

4800 
6900 
13590 
34200 

9775 
15520 
26550 
3 7400 

,7930 
5830 
11120 
26800 

.---_-----_I 

------ 



N.A.C.A.  T e c h n i c a l  N o t e  No.  7 5 2  38 

---- 

a n < l e  
s g e c -  

1 0 2 6 6  

irnen 

B U l  b - 

- 

4209 

766 

--- ---- 
1 2 6 7 8  

--- 

TABLE VI11 ( C o n t i n u e d )  

---- -----__-C____L_ _________-._____ ----__- --- 
'Gti-- 

l o a d  
(lb.) ( l b . / s q . i n . )  

u1 t i m a t  e 
Area  P Length  L / p  mate s t r e s s  r 

3.1220 0.155 24.24 156.3 469 3845  
18.73 120.8 775 6 3 5 0  
13.21 85.2 1 5 4 5  1 2 6 7 0  

2 1  700 

0.1334 0.156 24.24 155 .0  6 2 1  4650  
18.73 120.0 955 7 1 6 0  
13.21 84.8 1900 1 4 2 5 0  

1 7.62 48.9 4280  32050  

0.0856 0.1165 24.24 238 .0  260 3 040 
18.73 1 6 1 . 0  385 4500  
1 3 . 2 1  113.3  705 8240 

7.62 65.4 2 0 0 5 '  23450 

0.04023 0.104 24.24 233.0  1 0 7  2675 
18.73 180.0  155 3 8 8 0  
13.21 127 .0  305 7615  

7.62 73.3 710 1 7 7 5 0  

Pi:*) (sq. i n .  ) 
-_-----__________L_ ___________-_._---_-__- --------- 

7.62 49.1 2650 ______--_ ------------- 

-____ _---- ---- -------------- 

------__I______- _________-_--I.-.----- --------I---- 1 
-------_-_____-_____ ___-__-- - ------------- I 
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Panel 
l e n g t l  

TABLE I X  

Spec imens  o f  B e n t - u p  d n q l e  S t i f f e n e r s  

1.354 

1.349 

1,345 

( L . S .  106-0.051; 6 s t i f f e n e r  T a n e l s ;  15 i n c h e s  w i d e ;  
0 . 0 6 4 - i n c h  s h e e t ;  5 - i n c h  s t i f f e n e r  s p a c i n s )  

28950 214CO 

28600 2 12 10 

28450 21150 

.Of30 

,0626 

-______ 

.404 

.4P6 

0.0632 0.407 -7--- 
Sheet 
area 

:sq. in . )  

0.547 

.545 

.939 
-- 

39 
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T 
b 
2 t- 
- 

1.) I I I 

1 
Figure 1.- The panel w i t h  s h e e t  

buckled. 

9.0 

8.0 

JI 

7.0 

6.0 

Figs. 1,2,3 

Figure 2.- A rectangular plate with 
elastic supports. 

1 2 a 3 4 
6 

F i g a r e  3.- Graphical eolution of equation (14). 
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Figure 5.- Haximun-amplitude curve. 
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r n  

,-. 0625 
_L 
T l- 1.250 

rl 

'-: 062 L %II 1'1.000 

Aicos 6477 Alcoa 8476 Alcoa 0479 

.0625 R 'GO E. ,5040 

A >  
5CO j7 

7 
L 
0 :k 

5625 

wlcse 1 3 C Z 5  Alcoa 10882 Alcoa 3046 

Alcoa 12224 Alcoa K-4200 Alcoa K-766 

Figo. 6 , 0  

.094 R 

Alcoa K-10266 

Figure 6.- Bulb-angle t e s t  specimena. A l l  dimensions i n  inches. 

Alcoa K-5436 

.0625 R 

Alcoa 12678 

FipLre 3 .- Construction of typical  panel specimen. 
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Pigure 41.- Specimen A. Figure 10.- Teat rpecimsn ahowing 
mounted inatrumento. 

Figure 9.- Panel test 
specimen. 

Figure 11.- Contour-tracing 
machine. 
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" 
Unit strain,in.per in. 

stiffener panelr. 0.085m-248T 
Figure 19.- Strese-strain curve8 for three 

alclad skin; bulb angle 8477. 

0 
Unit strsin,in.per in. 

Figure 18.- Stress-strain curves for four 
stiffener panele. 0.040"-8481 

alclad skin; bulb angle 10865. 
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~' 

Y 

0 8,000 16,000 24,000 32,000 Stiffener stress, lb. /sq.in. 
Figure 27.- Effective-width curve for two stiffener panels. 

0.040"- 24ST Slclad skin; bulb angle 10265, 
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c 

Y 

0 8,000 16,000 24,000 32,000 
Stiffener stress, l b  . / a s .  in. 

Figure 28.- Effective-width curve of three stiffener panels. 
0.04OH-24ST alclad skin; bulb angle 10265. 
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0 8,000 16,000 24,000 32, ooo 
Stiffener 8 t r 888, lb . / e q .  in. 

Figure 30.- Effective-width curve of three stiffener panele. 
0.025"-248T alclad skin;  bulb angle 0477. 
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0 8,000 16,000 24,000 32,000 
Stiffener etreeo lb . /sq. in. 

Figure 32.- Effective-uidth curve of three stiffener panels. 
0.025"-248T alclad skin; bulb angle 8478. 
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.5 

.4 

. 3  

- =e 
b 

. 2  

.1 

0 8,000 16,000 24,000 32,000 
Stiffener strese,lb. /eq.in. 

Figure 35.- Effective-width curve of three stiffener panele. 
0 .04Ott-249T alclad skin; bulb angle 8476. 



N.A.C.A. t echnica l  Note No. 752 Figs. 36,37. 

0 5 10  QSt /QC 15 20 
curve Curve 

7 von Kar& 3 =0.5d-t b ( re ference  12) 1 Bulb angle 8477 .025"eheet 

2 8478 " 8 Sechler 3 b r0.25 [l +uc/uet] ( re ference  10) 
3 ' It 10265 I I 9 Marguerre F O . 5 d -  ( re ference  11) 
4 'I 8477 .O4On 

5 " 6478 " 
6 .* 10265 " 

10 

11 

Cox 3 0 . 5  [,.14+ 0.85d+](referencs 13) 

Cox *. $ [0.09 + 0.60 v-1 ( re ference  13) 

Figure 36.- Experimental and theore t ica l  data on e f fec t ive  width va r i a t ion  with a s t / O c  . 

8478 .040' 3 

8477 .025n " a 
" 0477 .040" 3 

10265 .025" 3 

10265 . O M "  3 

10265 .040" 8 

80 90 100 110 120 0. 10 20 30 40 50 60 70 
W P  

Figure 37a t o  c.- Column curve8 of p h t e a  with bulb angle a t i f fenera .  
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40,000 

35,000 

30,000 
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? 25,000 
m 

2 
20,000 

b 

15,000 

10,000 

5 ,030  

0 20 40 60 80 100 120 140 160 180 200 220 240 
L/P 

Fiuure 39.- Pin-end t e s t a  of bulb annlea. 
I 

Straight - l ine  f ormul 
u = 48,000-400(L/p)2 

I 

Johnson parabolic formu 
43, OOO( L/P) u - 43,000 - E 
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.om 

.OWE 

.0004 

.0003 

( fO/h)’  

. oooa 

.om1 

0 .1 .a .3 
Unit angular deflection, cp ,radian 

F igure  .M.- TOreiOMl deflection of the etiffener an a function 
of the etiffener e trem.  

Figure 42.- Experimental curve8 for determining the buckling etreea o f  the eheet. 


